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Abstract 

Consider N bosons in a finite box A = [0, L] 3 C R 3 interacting via 
a two-body smooth repulsive short range potential. We construct a 
variational state which gives the following upper bound on the ground 
state energy per particle 

7^ y ( e 0(e) ~ ^TTCLQ \ 16 



(47ra) 5 / 2 (g) 3 / 2 J ~ 157r 2 ' 

where a is the scattering length of the potential. Previously, an upper 
bound of the form C16/157T 2 for some constant C > 1 was obtained in 
[3] . Our result proves the upper bound of the prediction by Lee- Yang 
[5] and Lee-Huang- Yang [5]. 
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1 Introduction 



The ground state energy is a fundamental property of a quantum system 
and it has been intensively studied since the invention of the quantum me- 
chanics. The recent progresses in experiments for the Bose-Einstein conden- 
sation have inspired re-examination of the theoretic foundation concerning 
the Bose system and, in particular, its ground state energy. In the low 
density limit, the leading term of the ground state energy per particle was 
identified rigorously by Dyson (upper bound) [2] and Lieb-Yngvason (lower 
bound) [T3] to be 4irag, where a is the scattering length of the two-body 
potential and g is the density. The famous second order correction to this 
leading term was first computed by Lee- Yang [9] (see also Lee-Huang- Yang 
[8] and the recent paper by Yang [15] for results in other dimensions). To 
describe this prediction, we now fix our notations: Consider iV interacting 
bosons in a finite box A = [0, L] 3 C R 3 with periodic boundary conditions. 
The two-body interaction is given by a smooth nonnegative potential V of 
fast decay. The Lee- Yang's prediction of the energy per particle up to the 
second order is given by 

128 

e (g) = A7rga 1 + — — (pa 3 ) 1 / 2 + • • • . (1.1) 
L 15y/ir J 

The approach by Lee- Yang [9] is based on the pseudo-potential approxi- 
mation [SJ [8] and the "binary collision expansion method" |S]. One can 
also obtain (jl.ip by performing the Bogoliubov [1] approximation and then 
replacing the integral of the potential by its scattering length [7]. Another 
derivation of (jl.ip was later given by Lieb [10] using a self-consistent closure 
assumption for the hierarchy of correlation functions. 

In the recent paper [3], the potential V was replaced by AVo for some 
fixed function Vo and A is small. A variational state was constructed to yield 
the rigorous upper bound 

r 1 28 i 
e (g)<47rga l + —^(ga 3 )V 2 S x +0(^ 2 |log^|) (1.2) 

with S\ < 1 + CX. In the limit A — > 0, one recovers the prediction of Lee- 
Yang |9j and Lee-Huang- Yang |8j . The trial state in [3] does not have a fixed 
number of particles, and is a state in the Fock space with expected number 
of particles N (Presumably a trial state with a fixed number of particles can 
be constructed with a similar idea). The trial state in [3] is similar to the 
trial state used by Girardeau and Arnowitt [4] and recently by Solovej [14] : 
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it is of the form 



exp 



I A| 1 ^2 c k a W-k a o a o + V^o a o 



|0> (1.3) 



where c k and Nq have to be chosen carefully to give the correct asymp- 
totic in energy. This state captures the idea that particle pairs of opposite 
momenta are created from the sea of condensate consisting of zero momen- 
tum particles. It is believed that this type of trial state gives the ground 
state energy consistent with the Bogoliubov approximation. In the case of 
Bose gas, the Bogoliubov approximation yields the correct energy up to the 
order g 3 ^ 2 , but the constant is correct only in the semiclassical limit — con- 
sistent with the calculation using the trial state (|1.3|) . It should be noted 
that the Bogoliubov approximation gives the correct "correlation energy" in 
several setting including the one and two component charged Boson gases 
[111 112} [T4] and the Bose gas in large density- weak potential limit [5]. 

For the Bose gas in low density, the result of [3] suggests to correct 
the error by renormalizing the the propagator. Unfortunately, it is difficult 
to implement this idea. Our main observation is to relax the concept of 
condensates by allowing particle pairs to have nonzero total momenta. More 
precisely, we consider a trial state of the form 



exp[|A| 2 \J X k+v/2^-k+v/2a ] k+v/2 a ] _ k+v/2 a v a 

k v~^/e 

+\Ar 1 Yc k a{al k a Q a + ^aj] |0) (1.4) 

k 

for suitably chosen c and A. Notice that the total momentum of the pair, v, 
is required to be of order g 1 / 2 and the constant 2 comes from the ordering 
of a v a . We shall make further simplification that \ k = c k . Even with 
this simplification, however, this state is still too complicated. We will 
extract some properties from this representation and define an TV" particle 
trial state whose energy is given by the Lee- Yang's prediction up to the 
second order term. Details will be given in Section [3l Our result shows 
that, in order to obtain the second order energy, the typical ansatz for the 
Bogoliubov approximation should be extended to allow pair particles with 
nonzero momenta. This also suggests that the Bogoliubov approximation 
has to be modified in order to yield the correct energy of the low density 
Bose gas to the second order. 
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2 Notations and Main Results 

Let A = [0, L] 3 C t 3 be a cube with periodic boundary conditions with the 
dual space A* := (^Z) 3 . The Fourier transform is defined as 



W p := W(p) = [ e- ipx W(x)dx, W(x) = V e ipx W p . 



peA* 

Here we have used the convention to denote the Fourier transform of a 
function W at the momentum p by W p instead of W(p) to avoid too heavy 
notations. Since the summation of p is always restricted to A*, we will not 
explicitly specify it. 

We will use the bosonic operators with the commutator relations 

r ti_ t_t _ I 1 tfp = q 

[Op , a g \ - a p a g a q a p - | Q otherwige _ 

The two body interaction is given by a smooth, symmetric non-negative 
function V(x) of fast decay. Clearly, in the Fourier space, we have V u = 
V—u = V u . Furthermore, we assume that the potential V is small so that 
the Born series converges. The Hamiltonian of the many-body systems with 
the potential V and the periodic boundary condition is thus given by 

H = ^p 2 a\ap + — ^ V ua ] p a\ap_ u a q+U (2.1) 

p ' ' p,q,u 

Let l-wbe the zero energy scattering solution 

-A(l - w) + V(l - w) = 

with < w < 1 and w{x) — > as |x| — > oo. Then the scattering length is 
given by the formula 

a := — f V(x)(l — w(x))dx 

Introduce go, whose meaning will be explained later on, to denote the quan- 
tity 

go = 47ra. 

Let Hn be the Hilbert space of N bosons. Denote by qn = N/A the 
density of the system. The ground state energy of the Hamiltonian (|2.1[) in 
Hn is given by 

Eq(q, A) = inf specH HN 
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and the ground state energy per particle is e${g, A) = Eq(q,A)/N. We 
can also consider other boundary conditions, e.g., e^{g,A) is the Dirichlet 
boundary condition ground state energy per particle. 

In this paper, we will always take the limit L — > oo so that the density 
Qn ~~ > Q f° r some fixed density g. From now on, we will use lirn^oo for the 
more complicated notation lim£_ j . 0O! N/L 3 -*g- We now state the main result 
of this paper. 

THEOREM 2.1. Suppose the potential V is smooth, symmetric, nonnega- 
tive with fast decay and sufficiently small so that the Born series converges. 
Then the ground state energy per particle satisfies the upper bound 

y — y (e£(g,A) -g g\ 16 

hm^ hm L _ ^ j < — 2 (2.2) 

Although we state the theorem in the form of limit g — > 0, an error bound 
is available from the proof. We avoid stating such an estimate to simplify the 
notations and proofs. Our result holds also for Dirichlet boundary condition. 

2.1 Reduction to Small Torus with Periodic Boundary Con- 
ditions 

To prove Theorem 12. 1^ we only need to construct a trial state *$>(g,A) sat- 
isfying the boundary condition and 

ii^olim f< g ">«^'-M<J« (2.3) 

The first step is to construct a trial state with a Dirichlet boundary condition 
in a cube of order slightly bigger than g^ 1 . 

Lemma 2.1. For density g small enough, there exist L ~ £> -25 / 24 and a 
trial state ^ of N (N = gL s ) particles on A = [0, L] 3 satisfying the Dirichlet 
boundary condition and 

Once we have a trial state with the Dirichlet boundary condition, we 
can duplicate it so that a trial state can be constructed for cubes with linear 
dimension ^> £ -25//24 . This proves Theorem 12.11 

The next lemma shows that a Dirichlet boundary condition trial state 
with correct energy can be obtained from a periodic one. 
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Lemma 2.2. Recall the ground state energies per particle e^(g,A) and 
Cq(q,A) for the Dirichlet and periodic boundary condition. Let A = [0, L] 3 
and L = g~ 25 ^ 2i . Suppose the energy for the periodic boundary condition 
satisfies that 

— (e£(g,A) -g g\ 16 

Then for A = [0,L] 3 , L = L(l + 2^ 25 / 48 ) and g = gL 3 /L 3 , the following 
estimate for the energy of the Dirichlet boundary condition holds: 

li^o ( ^^ ) ~ 9 °A < A (2-6) 

' { g ^ r /2 ) ~ 15VT 2 

The construction of a periodic trial state yielding the correct energy 
upper bound is the core of this paper. We state it as the following theorem. 

THEOREM 2.2. There exists a periodic trial state ^ of N particles on 
A = [0,L] 3 , L = g- 25 / 24 such that (N = \K\g) 

This paper is organized as follows: In Section 3, we define rigorously the 
trial state. In Section 4, we outline the Lemmas needed to prove Theorem 
12. 21 In Section 5, we estimate the number of particles in the condensate 
and various momentum regimes. These estimates are the building blocks 
for all other estimates later on. In Section 6, we estimate the kinetic energy. 
The potential energy is estimated in Section 7-11. Finally in Section 12, we 
prove the reduction to the periodic boundary condition, i.e., Lemma) 
This proof follows a standard approach and only a sketch will be given. 



3 Definition of the Trial State 

We now give a formal definition of the trial state. This somehow abstract 
definition will be explained later on. We first identify four regions in the 
momentum space A* which are relevant to the construction of the trial state: 
Pq for the condensate, Pl for the low momenta, which are of the order g 1 ^ 2 ; 
Ph for momenta of order one, and Pi the region between Pl and Ph- 
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DEFINITION 3.1. Define four subsets of momentum space: Pq, Pl, Pi 
and Ph ■ 

Po ^{P = 0} 

Pl ^{pGA*kL^ 1/2 <N<^^ 1/2 } 

Pi = {?£ A*|r?ZY /2 < \p\ <e H } 
P H ={p£ A*\e H < \p\} , (3.1) 

where the parameters are chosen so that 

sl,VL,sh = Q r < and 7] = 1/200 (3.2) 

Denote by P = P U P L U Pj U P H . 

We remark that the momenta between Po and Pl are irrelevant to our 
construction. Next, we need a notation for the collection of states with N 
particles. 

DEFINITION 3.2. Let M be the set of all functions a : P -> N U such 
that 

^a(fe)=iV (3.3) 
keP 

For any a G M, denote by \a) £ TLn the unique state (in this case, an 
N -particle wave function) defined by the map a 

i«) = cII(4r (fe) io), 

where the positive constant C is chosen so that \a) is L2 normalized. Define 
a free as a free (k) = NS ^ k . 

Clearly, we have 

a\a k \a) = a(k)\a), V/c G P (3.4) 

DEFINITION 3.3. We define two relations between functions in M: 

1. Strict pair creation of momentum k: Denote by (3 := A k a if (3 is 
generated by creating a pair of particles with momenta k and —k, i.e., 

' a(p) - 2, p = 
Pip) = I a(p) + 1, p = ±k (3.5) 
a(p), others 
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In terms of states, we have 

= Ca+a + _ k alW) 

where C is a positive constant so that the state \0) is normalized. 

2. Soft pair creation with total momentum u and difference 2k: Denote 
by (3 = A u,k a if [5 is generated by creating two particles with high 
momenta ±k + u/2 £ Ph so that the total momentum u is in Pl, i.e., 

(a(p) — 1, p = or u 
a(p) + l, p = ±k + u/2 (3.6) 
a(p), others 

Notice that A u,k a is defined only if ±k + u/2 6 Pjj- In terms of states, 
we have 

If 3 ) = Ca fc+ U /2 a -fc+«/2 a 0««l«> 

where C is the normalization constant. Since (3{p) has to be nonnega- 
tive, the state A k a or A u,k a is not defined for all a or k,u. 

Define D a to be the set all possible derivations of a from the previous two 
operations: 

D a = ^A u ' k a G m| U |„4 fc a G m| (3.7) 

Our trial state will be of the form J2 a& M f( a )\ a ) where / is supported 
in a subset of M which we now define. 

DEFINITION 3.4. Fix a large real number k c . We define M as the small- 
est subset of M such that 

1. a f ree £ M. 

2. M is closed under strict pair creation provided the momentum u £ 
P/ U P H , i.e., ifa£M and A u a £ M then A u a £ M. 

3. M is closed under strict pair creation provided the momentumju £ Pl 
and max{a(«),a(-!i)} < m c , i.e., if a £ M and A u a £ M, then 
A M a £ M. Here we choose m c as 

mc ee e-» = Q- 1 '™ (3.8) 
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4- M is closed under soft pair creation from states with perfect pairing of 
momenta u and —u. More precisely, for u G Pj, with a(u) = a(—u), 
ifaEM, A u ' k a G M and 

e h < | ± k + u/2\ < k c , 

then A u > k a G M. 

The set M is unique since the intersection of two such sets M\ and M2 
satisfies all four conditions. 

For any u £ Pl, we define the set of states with symmetric (asymmetric 
resp.) pair particles of momenta u, —u by (M° resp.): 

= {a G M|a(u) = a(-u)} (3.9) 
M^ 1 = {a G M|a(u) / a(-n)}. 

Denote by a*(n) the maximum of a(u) and a(—u): 

a*(u) = max{a(u), a(— u)} (3.10) 

Since soft pair creation was allowed only from momenta in P^ and the final 
momenta are in Pjj, we have 

a*(u) — a(u) G {0, 1}, a(—u) = a(u), for all u G P/ 

Before defining the weight /(a), we introduce several quantities related 
to the scattering equation. In the momentum space, the scattering equation 
is given by (p G R 3 ) 

- p 2 w p + V P - V p - r w r = 0, Vp / (3.11) 

Jr 

Let 5 be the function 

g(x) :=V(x)(l-w(x)) (3.12) 
Then the scattering equation in momentum space takes the form 

g p =p 2 w p (3.13) 

One can check 4-7ra = go this explains the notation go used in Theorem 12.11 
and Theorem 12.21 
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DEFINITION 3.5. Define for all e + 

Qe = eo + eg 3/2 ,qo:=q- (so) 3/ V /2 , (3.14) 

where go will be the approximate density of the condensate. Define the 
"chemical potential" A by 

i-Vi+4ego|fc|-~ i 
\k={ i+V!+ 4 ^o|fc|" 2 6 ' L (3.15) 

One can check that, to the leading order, A is given by 

= l-^ l + 4« tW -» 

i + v'i + i^W- 2 

Notice that A& is real number and can be negative. 

DEFINITION 3.6. The Trial State 

Let \I/ be defined by 

*=X)/(«)I«> (3-17) 
where the coefficient f is given by 



' W fc^O «eP 1 ,a«(«)-a(«)=l V 1 1 

Here we follow the convention y/x = \/\x\i for x < 0. For convenience, we 
define f(a) = for a ^ M . The constant Cm is chosen so that is L2 
normalized, i.e., 

= 1. 

THEOREM 3.1. Suppose A = [0,L] 3 and L = ^ 25 / 24 . Then the trial 
state in (|3.18p satisfies the estimate 

— — ( (H N )^N- 1 -goe \ 16 
lun^oolun^ ^ j < j^, (3.19) 

where k c is given in Definition \3.J\ We recall that m" 1 , sl, T]l, cire chosen 
as a small power of g in (13. 2ft and (13. 8f) . 
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3.1 Heuristic Derivation of the Trial State 

We now give a heuristic idea for the construction of the trial state. Fix an 
ordering of momenta in A* so that the first one is the zero momentum. We 
will use the occupation number representation so that 

\m, n 2 , •••) (3.20) 

represents the normalized state with rtj particles of momentum k{. For 
example, 

\n, o,o, ... ) = ^L(4y» 

Recall that we would like to generate a state of the form in (jl.4p . A slightly 
modified one is 

exp [lAr 1 ^ Yl V X k+v/2^k + v/2a\ +v/2 a ] _ k+v/2 a v a 

k v^^fg 

+IA)- 1 Afe4«-&«o a o } \N, 0, 0, • • • ) (3.21) 

k 

We now expand the exponential and require that a k+v /2 a ^-k+v /2 a v a o *° 
appear at most once. The rationale of this assumption is that the soft pair 
creation is a rare event and thus we can neglect higher order terms. Our 
trial state is thus a sum of the following state parametrized by k\ , ■ ■ ■ ,k s , 
n 1 , ■ ■ ■ ,n s , k[, ■■■ ,k[ and V\,- ■ ■ ,v t : 



const. Y[ J^k' j +v J /2^k' j +v J /2 n (AfcJ™ 1 I") (3-22) 
j=i i=i 



where 



t 



\a)= const. A ' >- : '" J^" • //'<'/'" 



j=l 2 j 2 3 



x II — X ( a L a U°o «o )">, 0, • • • ) (3.23) 

i=l 

Here we have chosen the constant so that the norm of \a) is one. We also 
require that Vi + Vj / for 1 < i, j < t since Vi + v j = is a higher order 
event. 

We further make the simplifying assumption that Uj E Pl- Observe now 
that the state \a) can be obtained from strict and soft pair creations. This 
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explains the core idea behind the definition of M in Definition 13.41 Other 
restrictions in the definition were mostly due to various cutoffs needed in the 
estimates. Finally, up to factors depending only on A and N, the coefficient 
in (|3.22p gives /(a) in (|3.18p . Notice all factors depending on s,t,rii were 
already included in \a). 

The choice of A is much more complicated. To the first approximation, 
A can be obtain from the work of [3]. We thus use this choice to identify the 
error terms. Once this is done, we optimize the main terms and this leads 
to the current definition of A. Notice that, since our trial state is different, 
there are more main terms than in [3]. 

4 Proof of Theorem Q 

Proof. Our goal is to prove 

— /_ f\A\-^h-9ol\\ , 16 5/2 (AU 
lmifc^oo (Jim^o ^ jj- 2 ))< j^g > (4.1) 

Here go = 4-7ra, (H)^ = (^\H\^). We decompose the Hamiltonian as fol- 
lows: 

N 

H = Y J ~^i + Hsi + H S2 + H S3 + H A1 + H A2 , (4.2) 
i=i 

where 

1 . Hsi is the part of interaction that annihilates two particles and creates 
the same two particles, i.e., 

Hsi = IAI" 1 Voa j u aia u a u + \A\-~ 1 + V )alala u a v (4.3) 

2. Hs2 is the interaction between the condensate and strict pairs, i.e., 

H S2 = lAr 1 Yl V u 4al u a a + C.C. (4.4) 

3. Hs3 is the part of interaction that strict pairs are involved, i.e., 

Hs3 = |A| _1 Y V u - V alai u a v a^ v (4.5) 
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4. Hai is the part of the interaction that one and only one condensate 
particle is involved i.e., 

H A1 = \K\~ 1 ^V V2 alat iav2 a V3 +C.C. (4.6) 

V1,V2,V3^0 

5. Ha2 is the part of the interaction which is not counted in Hsi and 
there is no condensate nor strict pair involved i.e., 

Ha2 = |A| _1 ^ V Vl - Vi o) Vl al 2 a V3 a V4 (4.7) 

The estimates for the energies of these components are stated as the follow- 
ing lemmas, which will be proved in later sections. 

Lemma 4.1. The total kinetic energy is bounded above by 

(ixj (E ~ * ) t - «8iiv»ni J «r> < 3.' - ^ (4 - 8) 

Lemma 4.2. T/ie expectation value of Hsi is bounded above by, 

<*5i>* " QlVo) 9- 5/2 < (4.9) 
Lemma 4.3. The expectation value of H$2 is bounded above by, 

W CI , <#S2>* + 2 6 l\\Vw\\^ 6 - 5/2 < 2 -^f- (4.10) 

Lemma 4.4. The expectation value of Hs3 is bounded above by, 

(JL <tf 53 >* - egliv^lli) 9~ 5/2 < " 2||y ; 2 llig ° 3/2 (4.11) 

Lemma 4.5. T/ie expectation value of Hai is bounded above by, 

ffik, (iJf «u>.) <T 5/2 < =gg^ (4.12) 
Lemma 4.6. T/ie expectation value of Ha2 is bounded above by, 

^ (HA2)*) ^ < 4 " y ^ ig ° 3/2 (4.13) 
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By definitions of go and w (|3.1ip . (|3.12p . we have 

l|Vw||! - \\Vw\\i + ||^ 2 ||i =0,V - \\Vw\U = g (4.14) 
Summing (|4.8p - (|4.13p . we have 

W CI , (± (H N )y - Qlg^j g- 5/2 < (4.15) 
By definition of go (|3.14p . we have proved (|4.ip . ■ 

5 Estimates on the Numbers of Particles 

The first step to prove the Lemma 14.11 to Lemma 14.61 is to estimate the 
number of particles in the condensate, Pl,Pj, and Pjj- This is the main 
task of this section and we start with the following notations. 

DEFINITION 5.1. Suppose m, kj € P for % = 1, . . . t, j = 1, . . . , s. 

1. The expectation of the product of particle numbers with momenta u\, 
■ ■ ■ u s : 

q*(ui,u2,--- ,u s ) = (Y[oii a ui) = ^2 Yi a ( u i)\f( a )\ 2 

\i=l I v]> Q£Mt=l 

2. The probability to have particles with momentum U{, % = 1 . . . , s: 

Qv ({«i,mi} , • • • , {ut, m t }) = ^2 \ f( a )\ 2 I 5 - 1 ) 
Here A = {a £ M\a{u\) = m\, • • • , a(u t ) = m t } 

3. The expectation of the product of particle numbers with momenta k\, 
. . ., k s , conditioned that there are m, particles with momentum u^: 

(fa,-- - ,k s \ {ui,mi},--- ,{u t ,m t }) 

= (£n«(M/(a)i 2 ) (Ei/( a )i 2 ) > 

\a£Ai=l / VoeA / 

where A is the same as in item 2. 
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The following theorem provides the main estimates on the number of 
particles. 

THEOREM 5.1. In the limit lim^^^ lim^O; Q<&(u) can be estimated as 
follows 

lim lim | g-^Al' 1 V Q*(u) 1 = (5.2) 

\ «GPl / 

We first collect a few obvious identities of / into the following lemma. 
Lemma 5.1. 1. If k G P/ U P H and a,A k a G M, f/ien 



W-O^ (5 ' 4) 



2. If k £ P L , ct^Ml and a,A k a G M, tfien 



^" (5 ' 5) 



5. If k £ P L , a£M% and a,A h a G M, i/ien 



/a(0) 


/a(0)-l / 


/|A| V 


IM V 



^. /fa G and „4 u ' fc a G M, then 



f(A^a) = 2 ^^ > /A^ ) /A^7/(a) (5.7) 
5. If a E M% and A u > k a G M, i/ten 



/(A) = rfWte^f^ M (5 - 8) 
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In denning the space M, the operation A u ' k a is not allowed when a G 
M®. However, it is possible through rare coincidences that A u ' k a G M even 
if a G M". Clearly, a G M£ and A u ' k a G M imply that a(u) = a{-u) + 1. 
The following lemma summarizes some properties we need for A. 

Lemma 5.2. 1. For any k G Pl U Pf U Pff, A& on/y depends on \k\ and 
|Afc| < 5fc|^T 2 < S'ol^r 2 , |^A fc | < 1 - const. e L (5.9) 
S. For any A; G Pl, A& zs negative and 

~ %i?L(T X >K> -Q- 1 (5.10) 

5. For any A; G P#, |A&| «s bounded as 

\K\<g e- H 2 (5.11) 

To prove Theorem 15. 1( we start with the following estimate on the con- 
densate. 

Lemma 5.3. For any e > 0, when g is small enough, the expected number 
of zero-momentum particles can be estimated by 

\Me-e < O*(o) < \A\ 6e (5.12) 

5.1 A Lower Bound on the Number of Condensates 

Since the total number of particles in fixed to be N, upper bound on (u) 
for (u 7^ 0) yields a lower bound for (0). The following lemma provides 
the upper bounds for expected number of particles in various momentum 
space regions. 

Lemma 5.4. For small enough g, the following upper bounds on Q^(u) 
hold: 

1. For u G P/, 

\2 2 00 

Q*(«) < : "f 2 2 = E( A ^)^ ( 5 - 13 ) 
1 - A M a , =1 

2. For u G Pl, 

Q*(«) < : A "f' 2 f 1 + const. ^ (5.14) 
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3. For u G P H , 

Qq>(u) < const. £ 2 |ti| _2 |A u | (5.15) 

Proof. The basic idea to prove Lemma 15.41 is the following lemma which 
compares, in particular, Q^({u, m}) and Q\$({u, m — 1}). 

PROPOSITION 5.1. When g is small enough, for any u G Pi, we have 

Qq({u, m}) < {X u q) 2i Q^({u, m — i}) for m > i > 1 (5.16) 

Proof. We start with the following simple observation, whose proof is obvi- 
ous and we omit it. 

PROPOSITION 5.2. For any u G Pi fixed and all a G M with a{u) = 
m > 1, there exists a (3 G M such that A u /3 = a and f3(u) = m — 1. 

From the property of / in f)5.4f) and /3(0) < iV, we obtain 

\f(A»0)\ = W^|/03)| < We |/cg)| 
Therefore, we have for m > 1 

Qy ({u,m}) < Yl l/W)| 2 <^ 2 E l/^)! 2 ( 5 - 17 ) 

(3(u)=m— 1 (3(u)=m— 1 

= A^ 2 Q4- ({u,m - 1}) 
This proves (15. 16ft for i = 1. The general cases follow from iterations. 



Together with X^m=o ({^i TO }) = 1) we have 

iV N / N \ 

m=l j=l \rn=i / 

N ( N \ \ 2 n 2 

< E( A ^) 21 E ™» = t^w 

i=l \m=0 / A ^ 

This proves (|5.13p . 

We now prove (15. 14ft . Recall that g is small, 1 < m < m c and u G Pl- 
From the definition of M (|3.9|) . all elements in the asymmetric part, M", 
are generated from the symmetric part via soft pair creations. Thus 

a*(u)=m j3(u)=m I \ 

E i/(«)i 2 < E E (5-i9) 

a:aEMS /3:/3eM» \k:±k+u/2eP H J 
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From (|5.7p . we have, for j3{u) < m, 



\f(A u > k (3)\ 2 



— 4 |A fc+u / 2 A_fc +u / 2 | 

< 4 |A fc+u / 2 A_A; + „/2| ^|-|/(/3)| 2 



(5.20) 



Using the upper bound of Afe in (|5,9p and \u\ <C \k\, we have 



XI | A fc+«/2A-fc +u / 2 | < E const. |p| 4 < const. e^A] (5.21) 

k:±k+u/2eP H p&P H 



Inserting these results into (|5.19p . we obtain 

E |/(a)| 2 < const. ^ £ |/(/?)f 

a:aeM£,a*(u)=m /3: f3£M°,f3(u)=m 



(5.22) 



Summing the last bound over 1 < m < m c , we have, for each u fixed, 

E |/(a)| 2 <const/ mc 

a: a£M? 



Using this method, we can also prove, for u ^ ±v, 

E \f(*)\ 2 < const, {^f 



(5.23) 



(5.24) 



From (I5.22p . we have, for g is small enough 



a(u)=m 



<2*(«)<E m E l/(a)| 2 (l + const. (5.25) 



Following the proof of (|5.17p . we have the bound 



E i/(°)i s 

a:o(«)=m 



< A^ 2 



E I/O 9 )! 1 



Therefore, we can prove (|5.14j) using the argument of (|5.18p . 



(5.26) 



We now prove (I5.15P by starting with the following proposition. Once 
again, the proof is straightforward and we omit it. 
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PROPOSITION 5.3. For any u G P H fixed and all a G M u»t/i a(u) = 
m > 1, either there exists (3 £ M such that A u j3 = a and (3{u) = m — 1 or 
there exists v £ Pl and (3 £ such that a = A v > u ~ v l 2 (3. 



From this proposition, we have 



<2^({u,m})< Y 

f3: (3{u)=m,-l 



\f(A u (3)\ 2 + Yl f{A^ u - v ' 2 (5) 

v£P L ,A v - u ~ v / 2 fB£M 

(5.27) 

By the properties of / in (|5.4l 15 . T[) . we obtain 



\f(A u P)\ 2 +J2 \f(A v ^ 2 m 2 < I e 2 X 2 u + Y 4^|A U A_ U+ „| ] |/G9)| 
veP L \ veP L ' 



2 



Since v £ Pi and u G P#, from ()5.9p we have |A U |, |A_ U _|_„| < const. \u\ 2 . 
By definition of M, /3(v) < m c . Thus 

E 4 ^ixf - E ^ const. ^W/ 2 . 

Hence we have 

\f(A u P)\ 2 + ^ |/(^«-/ 2 /3)| 2 < const. \u\~ 2 \X U \ Q 2 \f([3)\ 2 . 

veP L 

Together with the bound in (|5.27p . we obtain 

Qq,({u,m}) < const. \X U \ \u\~ 2 g 2 Q^({u, m — 1}) for m > 1. (5.28) 
Summing the last inequality over m, we have proved (|5,15p , 

■ 

The summations in the inequalities in Lemma 15.41 can be performed; we 
summarize the conclusions in the following lemma. 

PROPOSITION 5.4. Recall that £l, t]l, eh are chosen in Definition I3.il 
as q v . Then for any k c and small enough g we have 

(Ar 1 Y < const. e 3/2+ri (5.29) 
\A\- 1 Y Q^ u ) ^ e 7/A ( 5 - 3 °) 

lAr 1 Y ^*( u ) ^ (f4 + const - e 3/2 ( 5 - 31 ) 



ueP L 
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Assuming this proposition, we have, for any e > 0, when g is small 
enough, 

Q< s ,(P) = N-Y,Qv(u)>q- e \A\ (5.32) 
This proves the lower bound in Lemma 15.31 We now prove Proposition [57 



Proof. The upper bound (|5.30p follows from (|5. 15 j) . |A U | < <?oM~ 2 (|5.9p and 
the assumption u > eh for u € 

To prove the other bounds, we first sum over u £ Pl in (15.141) to have 

IAI- 1 £ Q*(«) < IAI- 1 ^ -^(1 + ^ 4 ), (5.33) 

where we have bounded the factor gm c jeu in the error term by g 
Let h(k) = a/1 + 4<7o|^| -2 and we can rewrite A as 



,3/4 



Recall for any continuous function F on M 3 , we have 

d 3 p 

* \P) ~+ I ■ 

p6A* 1 1 peA* 

Thus we have 



5E« = hE f w-/ i; 



(2k)* 



F{p) 



lim |A|-^- 3 / 2 ( V 

hm-i-/ {h W- 1)2 dk? + Om- 1/3 )- (5-35) 

The last error comes from replacing the summation by integral. 

Due to the choices of eL,rjL, we can continue the computation as 

e^ypir)* J 6L < mvZ i 4h(k) J Vl 1 ' 
= ^5o 3/2 + 0(^) + 0(|A|- 1 / 3 ) (5.36) 

This proves (|5.31|) since L = £>~ 25//24 . 
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Similarly, for u £ Pj, we have 



h^V'iEl^l (5.37) 



.uePi 



e-o (2vr) 3 ^-i<| fc |<oo 4/i(fc) 



This proves (|5.29j) and concludes Proposition [57 

■ 

As a corollary to the proof, we have the following estimates. 
COROLLARY 5.1. 

(n \ 3/2 

E E <^) 2 " = h < 5 - 38 ' 
u£Pl m=0 / 



Proof. From the previous proof, we only need to prove the tail terms van- 
ishes. Recall \q\ u \ < 1 — const, el < 1 in (j5.9H . Thus we have 



hm hm |A|- V 3/2 E E (sK) 2m \ (5.39) 

{U£P L m=n+l 



where 



< lim lim |A|-^- 3 / 2 ( y ieK ^Z 

< lim 7-^3/ ^nJ^ + OdAI-VS), 

(^)-i) 2 (Si) 2n 

ff(2n) v 1 



4h(k) 

By Lebesgue monotone convergence theorem, we have that H(2n) converges 
to zero. This proves the Corollary. ■ 



We note that (I5,28j) also shows that, for u £ Ph, Qy({u,m}) is expo- 
nentially small with m, i.e., 

Qa,({u,m}) < (const. \X U \ Q 2 \u\~ 2 ) m . (5.40) 
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Furthermore, using similar method, one can easily generalize this result to: 
for u, v £ Ph and m + 

Qv({u,m}, {v,n}) < (const. \X u \g 2 eJ I 2 ) m (const. |A„|p 2 e^ 2 ) n , (5.41) 

which implies, for u, v € Ph and u + v 7^ 0, the following inequality: 

Qq,(u,v) < const. |A n A„| g 4 ej 1 4: . (5-42) 

5.2 Proof of Lemma 15. 'SI Upper Bound 

Proposition 15.41 states that the density of particles with momenta in Pj and 
Ph are much smaller than g 3 ^ 2 . And it implies an upper bound on the 
density of particles with momenta in P^. We now prove a matching lower 
bound 

£ Q*(«) > (A^ 2 " e) ^ 3/2 A (5.43) 

for £ small enough. Since the total number of particles is fixed, this will 
provide a upper bound on the number of particles in the condensate and 
hence proves the upper bound part of Lemma [5731 

We start with the following lemma, which bounds the average number 
of particles in the condensate under the condition that there are at most k 
particles with momentum u. 

PROPOSITION 5.5. For u G Pj and for any k fixed with < k < m c 
(m c defined in (|3.8p ). we have, for g small enough, 

£i=o *}) 

Proof. By (|5.22p . the contribution of a € to Q^({u, m}) for 1 < m < m c 
is of lower order when compared with the contribution of a £ . The ratio 
of the contributions from a £ between Q\p({u, m}) and Q^({u, m — 1}) 
is estimated in (|5.26|) . Together with the upper bound on |A n | in (|5.9p and 
the choices of el,£h, we have for g small enough, 

< (g A„)(l + const. ) < (1 — const, [£l )) < 1. 



Q^({u,m - 1}) u £ H e H 

(5.45) 

Hence Q\^({u, m}) is monotonic decrease in m. We thus have for < k < 

m c , 



n Jz I 1 mc k I 1 

£Q*({<m}) > — — r £Q*({M}) = — TT' ( 5 - 46 ) 

f—' m c + 1 ^— ' ra c + 1 

i=0 j=0 
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where the last identity is the normalization of the state 
By definition of Qx$(0\{u,i}) and (|5.32p . we have 



^Qy(0\{u,i})Q 9 ({u,i}) = Q*(0) > N - const. Ng 1/2 
i=0 



On the other hand, for any m, Q^(0\{u, m}) < N. Hence, the numerator 
on the left side of (|5.44p can be bounded by: 

k 

^Q*(0|{u,i})Q*({n,i}) 



i=0 



Y,Q^(0\{u,i})Q^({u,i}) - Q*(V\{u,i})Q*({u,i}) 
i=0 i=k+l 



lll c 



> N - const. Ng 1/2 - N ^ ( 5 - 47 ) 



=fe+i 



iV^ Q*({u, i}) - const. Ng 1/2 
i=0 



where we have used X^I=o Q^{{ u i *}) = 1 in the last identity. Finally, we 
divide (IQTl) by £* =0 Q*({«> *}) and use dS3BD to conclude d53U). ■ 

Return to the proof of (|5.43|> for u £ Pl- Since A u (3 is a one to one map 
(not necessarily surjective), we have 

m c m c —l 

£<?*({«,<})> £ |/(^/3)| 2 (5.48) 

i=l /3(u)=0 

From (|5.5j) and (15.6H . the right hand side is bounded below by 

m c — 1 

AS|A|" 2 ]T (/3(0) 2 -/3(0))|/(/?)| 2 (5.49) 

/9(«)=0 

By Jensen's inequality and /3(0) < AT, it is bounded below by 

^-'ff^r^'V-^ Ei/wr (5.50) 
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By definition, 

£™H= /3(o)l/(/3)l 2 _ ££o _1 W0|{*m})Q*({M}) 



ESSSol/WI 2 ES" 1 <» (5 ' 51) 

The term on the right hand side can be estimated by Proposition 15.51 Com- 
bining all estimates up to now and we obtain 

m c m c — l 

ES*({*M» > {{Q-Q b/A )\u? £ Q*({u,i}) (5.52) 

i=l i=0 

Finally, using (|5.46p . we have 

m c / 1 \ 

E WW}) > (((? - £ 5/4 )A u ) 2 1 — (5.53) 

We can generalize this result as follows. For m > 1, we first iterate the 
argument in proving (|5.48p and (|5.49p to have 

rric—m m c 

AMA|" 2m (/3(0)-2m) 2m |/(/3)| 2 <^Q*({n,i}) (5.54) 

/3(u)=0 i=m 

Again, using Jensen's inequality, Proposition 15.51 and (|5.46p . we have 

rric / \ 

E WK ^ ((e " e 5/4 )^) 2m i - (5.55) 

j=m ' 

So with the fact m c = Q^{u) can be bounded as follows, 

oo oo m c / \ 

= E E *» ^ E ((* - £ 5/4 ) A «) 2m f 1 - 

m=l i=m m=l c ' 

> (l-^ 2 ) E (5.56) 



i=l 



Now the summation over u G Pl was carried out in Corollary 15.381 and we 
have proved (|5.43p . Since the total number of particle is N, the bounds on 
Q\i>(0) follows from (|5.43p and Proposition 15.41 This concludes Lemma [ 



The previous method can be applied to yield the following estimates 
which will be useful later on. 
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Lemma 5.5. For u £ Pl and g sufficiently small, the following two bounds 
hold: 

mc n 2 \ 2 

mQ*({u,m})< " g"/ 2 (5.57) 

m=m c — l 

£ \f(a)\ 2 a(0) 2 a(u) > ^ ^^ (1 - 2g^ 2 - (gX u ) 2 ^). (5.58) 

Proof. Because Q^,({u,m}) is monotonic decrease in m, we have 

m c const mc const 

} mQq,({u,m}) < y mQq,({u,m}) = Q^(u) (5.59) 

m=m c — 1 m=l 

Together with the upper bound (|5.13p on Q^(u), we have proved (|5.57p . 
To prove (|5.58|) . we follow the argument in (|5.54[) to have, for m < m c —2, 

m c —m—2 m c —2 

A 2m |A|" 2m (/3(0)-2m) 2m+2 |/(/3)| 2 < £ Q*(0,0|{M})Q*({u,i}) 

/3(u)=0 i=m 
Again, using Jensen's inequality, Proposition 15.51 and (|5.46p . we have 

m c — 2 m c — 2 

£ \f(a)\ 2 a(0) 2 a(u) = E E Q*(M{«, *})<?*({«,*}) 

a(u)<m c -2 in=0 i=m 



>(l-2g^ 2 )^2(gX u ) 2l N 2 (5.60) 



i=l 

This implies (j538"|) . ■ 

Lemma 15.31 can be extended to the following estimate: 

Lemma 5.6. With the assumptions in Lemma \5.°A Q<i<(0,0) satisfies the 
estimate 

(Aq- £ ) 2 <Q*(0,0) <(Ag e ) 2 (5.61) 
Proof. By Jensen's inequality and Lemma 15.31 we have the lower bound 

q*(o,o) > mm 2 > i^Qs) 2 
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For the upper bound, we start with 

Q*(0,0) = N 2 -2N^2Qy(u) + ^ Qv(u,v) (5.62) 

< (Q*(0)) 2 + Q*(u,v) 
Since the number of particles with momentum u € Pl is at most m c , 

By definition of Pl, we have X^eP L m c = m cVi~L^ Q 3 ^ 2 A~ The last factor in 
(I5.63j) can be estimated by Proposition 15. 41 Thus we have 

£ Q*(u, W )=o(£ 5 / 2 |A| 2 ) (5.64) 

For the terms SueP/UPn «^o> * ne u PP er bound on the total number of par- 
ticles in Pj and Ph in Proposition 15.41 yields that 

£ Qy(u,v) < £ Q*(u)iV = o(^ 5 / 2 |A| 2 ) (5.65) 
M6P/UP H ,f^o uePiUP H 

Inserting (|5.64p . (|5.65p into (|5.62p and using the upper bound in Lemma 
T3l we obtain the upper bound on Q<i-(0, 0). ■ 



6 Estimates on Kinetic Energy 

In this section, we will prove the kinetic energy estimate Lemma l4.1i This 
lemma follows immediately from summing the estimates ( (1 6. 2 1) - ( |674"j) ) of the 
next lemma. 

Lemma 6.1. In the limit q —* 0, Q^(u, v) can be bounded above by 



lim L~ 5 / 2 |A|- 2 £ Q*( Uj u)J <0 (6.1) 
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Furthermore, Yl u2 Q^( u ) can be bounded above as follows 

i^V*o g-^IAI" 1 Y u2 (<M«) - (eo^u) 2 ) ) < (6.2) 



ueP L 

lim ^o ( ^ £ « 2 (<W«)- + ^rsT ) Aj)] < (6.4) 



Proof. The bound (|6.ip was proved in (|5.64p and (|5.65p . We now prove (|6.2p 
concerning u E Pj. 

The upper bound of Q^{u) in (|5.13p can be rewritten as 

Q*N<(gA M ) 2 + ( ^" )4 (6.5) 
1 - (£>A n )^ 

Recall go = q(1+0(,/q)) and the bounds on A in (|5.9p . Since <C |w| *C 1 
when u E Pj, see Definition 13.11 the error term of the last bound can be 
estimated by 

Ihn^ |ArV 5/2 £ u \-t\)* = ° ^ 
This proves (|6.2p . 

We now prove (|6.3p concerning u G Pl- Following the strategy of the 
previous argument, we first use > 1 — (qo^u) 2 > const, el in (15. 9p and 
(|5.10p to rewrite the upper bound of Q^(u) in (|5,14p as 

n i v . (e'Au) 2 pm c 

Q*W < 7 - , 9 + const. (6.7) 

l-{Q\ u y e H £l 

The error terms are negligible in the sense that 

y = o( 5/2 A) 

7^ £h£l 
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Since w u = g u \u\ 2 , Qo — Q = 0(g 3 ^ 2 ) and \g u — <?o| < const. \u\, we have 

l f E u " ((f?) 2 ~ ^u?) e -" 2 \k\- 1 = (6.8) 

ueP L 

Summarize what we have proved, we have the following inequality: 

HE fl Yl u2 (Q*( u ) ~ (eow u ) 2 ) e - 5/2 \K\- 1 (6.9) 

UdP L 

<- e .E- 2 (i^-(?) 2 )^ /2 i a i-' 



Let u = ^fgk and h(k) = yl + 4go|&|~ 2 as in (|5.34|> . Then the right hand 
side of (|6.9p is estimated as 

1 /" fc2 / l + 2g |fc|- 2 _ l + 2(g |fc|- 2 ) 2 

(2tt) 3 ] eL <\k\<^ V 2ft(fc) 2 

Direct calculation yields that 

1 / fc2 / l + 2g |fc|- 2 _ l + 2(g |fc|- 2 ) 2 

Inserting this result into (|6.9p . we obtain the desired result (|6.3p . 

Finally, we prove (16, 4p concerning u G Pjy. Recall the bound (|5.28j) on 
the ratio of Q%({u, m}) /Qq, ({u, m — 1}). Since |A U | < goM~ 2 (|5.9|) and 
it G Pffj the factor on the right hand side of (|5.28p can be bounded by £> 3 / 2 . 
Thus we have 

= X] m i) < ^ m})(l + 0(q 3/2 )) (6.11) 

m m>l 

We now repeat the argument from (15. 27ft to (15.28H but refine the proof by 
using Proposition 15.41 Hence for any u G Pjj, we have 

Y Qq,({u,m}) 

< |Ar 2 A 2 Q*(0,0)+ qW 1 {±Q*{v)\K^-u+v\) (6.12) 
veP L 



) dfc 3 + OdAI- 1 / 3 ) 



) <*fc 3 = -^o /2 , (6-10) 
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By mean value theorem and A& = — gk\k\ 2 for k G Pjj, we have that 
3u G M 3 : \u — u\ < v s.t. 



I A- 



-u+v 



< const. 



dga 



Oil 



-.-2 



\ga\u 3 I 



(6.13) 



From the estimates (I5.9P on X u and u ~ u, we obtain: 



du 

-2„-3 



I A u | | A — — A_ M | < const 

< const. |u| _i! e^G(M)|v|, 
where by Schwarz inequality, we have: 



u 4 + IftellSuh 5 



G(ii) = max 

u':\u'— u\<rjj^~ Q 1 / 2 



dg u > 



du' 



+ \9u' 



(6.14) 



(6.15) 



We note that it is easy to check ^2 ue . P G(u)/A < oo. Together with the 
results on the total number of Pl particles in (|5,3p . we obtain that, for g 
small enough and u G Pjj, the last term in (|6,12p is bounded above by 



3tt 2 



+ Q" + 



const, g 

-7/2 c-3 



(6.16) 



The Qip(0, 0) in the last second term of (|6,12p is bounded by Lemma 15.61 
Inserting (|6.16p and (|6.12p into (|6.1ip and using X 2 = w 2 for u G P#, we 
obtain that, 



lim^o ^2 u 2 Q^{u)-{qqw u ) 2 1 + 



a 3 / 2 
3tt 2 



Qo 2 



-5/2 



|A| 



< (6.17) 



This proves (16.4H . 



7 Estimates on Pair Interaction Energies 
7.1 Proof of Lemma 14.21 

First, with the fact alatauau < (ata u ) 2 and < \V U \ < Vq for any u, we 
can bound Hsi as follows 

(7.1) 

< V iV^ + V^A- 1 aia\a v a u = 2V Ng - VoA' 1 ^(4a u ) 2 
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Therefore we can bound the expectation value (Hsi)- 

(Hsih <2V Nq-V A- 1 Y,Q*(u,u) <2V Ng-V A~ 1 Q q ,(0,0) (7.2) 

u 

By the lower bounds of Q<&(0, 0) in Lem. 15.61 and the definition of go in 
(|3.14p . we have proved Lemma 14.21 

7.2 Proof of Lemma 14.31 

We start the proof with the following identity for (^|aj il au 2 a U 3a U4 |^'}. 

Lemma 7.1. For any fixed 2,3,4 6 A* and a £ M , define T(a) to be the 
state 

\T(a)) = Ca^a^a^au^a), (7.3) 

where C is the positive normalization constant when \T(a)) 7^ 0. Then we 
have 

a ui a U2 au 3 a U4, 

Qni^ Oj U 2 &ui I C^ii \ Ckt2 ^it3 1 ^) 

(7.4) 

The map T depends on ^1,2,3,4 and in principle it has to carry them as 
subscripts. We omit these subscripts since it will be clear from the context 
what they are. 

Proof. For any ^1,2,3,4 £ A* fixed, by definition of we have 

(^l4i4 2 a «3««4l^) = Yl f( a )f(( 3 )(( 3 \ a li a i2 a ^ a ^\ a ) ( 7 - 5 ) 

By definition of M, we have 

{l3\a ] Ul a ] U2 a U3 a U4 \a) / =>- (3 = T(a) (7.6) 
Since \T(a)} is normalized, the identity in Lemma 17. II is obvious. ■ 

Lemma 14.31 follows from the following lemma and X u = —w u for u £ 
Ph U Pi . Notice that the factor 2 in the estimate of Lemma 14.31 is due to 
the complex conjugate in the definition of H$2- Similar factor also appears 
in Lemma 14.51 
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Lemma 7.2. 



lim mci , Yl ((K|Ar 1 4« t - u «oa )-^KA u )^ 5/2 |Ar 1 = (7.7) 
ueP r uP H 

T T 3/2 

(7.8) 



lim mcie ((K|A| ^iol^oao) + ft 2 K%) 2 5/2 |A| X < 

UdP L 



7T" 



Proof. We first prove (|7.7p concerning with u S P/ U Pjj • By Lemma 17.11 
we have 

{V u \K\- l aia ] _ u a a ) (7.9) 
= KlAr 1 Yl f{a)f(A u a)y / {a(Oy - a(0))(a(u) + l)(a(-u) + 1) 

The case that a S M and _4. u a ^ M can only happen when a(0) = or 1 
and thus has no contribution. From the relation between f(a) and f(A u a) 
in (15.41). we have 



CLU = A„K|A|- 2 ^ |/(a)| 2 a(0)(a(0) - l)y/(a(u) + l)(a(-u) + 1) 

(7.10) 

By the Schwarz inequality, we have 



< N 



J>(0)(a(0) - 1) + + |/(a) 

a(u) + a(— u) 



-!/(«)!' 



(7.11) 



Inserting (17. lip into (|7.10p and summing over u £ Pi U Ph of (|7.10p . we 
obtain 

^ ((KlAr^ta^aoao) - KA u (Q*(0, 0) - Q*(0))) (7.12) 
< const. £ 2 |A| Q*(m) 



From the upper bound of Y1Q^( U ) in (|5.29p . the right hand side of above 
inequality is bounded by (o(^ 5//2 A)). By the bounds on Q^(0,0) in Lemma 
15.61 we have proved (|7.7p . 
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To prove (|7.8p concerning u £ Pl, we note that (|T.9j) still holds, but 
A u a ^ M when a*(u) = m c . Therefore, for u £ Pl, ()7.9[) is equal to 

KIAP 1 E f(a)f(A u aWa(0)(a(0) - l)(a(u) + l)(a(-u) + 1) 

a:a£M,a* (u)<m c 

We can express f(A u a) in terms of /(a); in both cases: a G or a E M^, 
we have the following identity: 

/(a)/(^"a)V(a (u) + l)(a(-uJ TT) (7.13) 
= A u |/(a)| 2 |A|-Va(0)(a(0) - l)(a» + 1) (7.14) 

Hence, for u £ Pl, 

flZ3D= E A M K|Ar 2 |/(a)| 2 «(0)(a(0)-l)(a*(n) + l) (7.15) 

We note A„ < and Kt ~ Vb > 0, for it G P L . For any a £ M, a*(u) - 
a(u) < 1 by definition. Hence we can replace the summation a*(u) < m c 
by a(u) < m c — 2 to have an upper bound. Summing over u £ Pl of (|7.15j) . 
we have 

( E VulM^aiat^oao) 
ueP L 

< E E A u K|A|- 2 |/(«)| 2 «(0)(a(0)-l)a(n) 

"SPj, a(u)<m c -2 

+ E E A M K|A|- 2 |/(«)| 2 «(0)(«(0) - 1) (7.16) 

u£Pl a(u)<m c — 2 

The last term is equal to 

E A n K|A|- 2 (Q*(0, 0) - Q*(0)) (7.17) 

u£P L 

"EE A M K|A|- 2 (Q^(0,0|«,i)Q*(u,z)) 

u£Pl i=m c — l 

Since Q<i-(0, 0|u, i) < N 2 , the last term in (I7.17D is bounded from above by 
E E const - \ x uQ 2 Qv(u,i))\ < o(g 5/2 A), (7.18) 

u£Pl i=m c — l 
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where we have used (|5.45p . For the first term of (|7.17p . we can bound it by 
using Lemma 15.61 We now use (|5.58j) to estimate the first term on the right 
hand side of (|7.16p . Combining these results, we have 

( £ V U \K\- X al^_ u a a ) < £ U ^^f, a (l - ~ {qK) 2 ^) 
ueP L ueP L ^ u) 

+ E x uV u q 2 + o(q 5 / 2 A) (7.19) 

u£P L 

Since \X u g\ < 1 and |V^| < Vb, we have 

E i A ^^ 2 r7^V * £ ^rn^ * const - g5/2A (7 - 20) 

By (|5.39p . we have 

IX TZ I — ^ 

(pA u 



E I^Kl^ ^^f , 2 (gA,) 2 v^ < o(^A) (7.21) 



Inserting (f7T20]) - (f7T2T]) into (f7l9|) . we have 

E {( v u\M~ la i a ^u a oao) +w u V u qI 



ueP L 

\3 „2 

< £ (A u + ^J^gg + E ^g 2 i _ 2 X 2 + °(^ 5/2a ) ( 7 - 22 ) 

Since |g u — <?o| + |Ki — < const. |it|, we can replace w u and by <?oM -2 
and Vq in last inequality so that the rhs of (|7.22p is bounded by 

\3 „2 

VoqI E ( A « + 9oW\~ 2 ) + V Q 2 E -i _ 2 X2 + «(f? 5/2 A) (7.23) 
= V Q 2 E ( a « + ^ohr 2 + 7^x2) + °(^ 5/2A ) 



«sPl 

Let u = yfgk. We have 



lim E ( A « + 5Ql«r 2 + r^T72 ) e-^lAp 1 (7.24) 

1 f 2 / -, 1 \ .7,3 



lim - — - / 9o\k\ 1 ; dk 
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So the leading term of right hand side of (|7.22p is equal to Vo<?q^ 2 7t 2 (^ 5 / 2 A). 
This completes the proof for 



7.3 Proof of Lemma 14.41 

Define P(u, v) by 

p(u,v) = £ /(^/(^VerM + l)(7(-«) + 1)(7(«) + l)(7(-w) + 1) 

(7.25) 

Recall /(a) = when \a) = or a £ M. 

Lemma 7.3. Let u, v £ A* , u ^ v and u,v ^ 0. 

If one of u and v £ PlU Pj, we have the following identity. 

(^\alal u a v a- v \^) = P(u, v) (7.26) 

If u,v £ Ph, we have 

\V)-P(u,v)\ < const, g 4 \X U X V \ (7.27) 

Proof. We first prove (|7.26)) and assume without loss of generality that v £ 
Pl U Pj. Using Lemma I7TTI we rewrite (a} u a)_ u a v a- v )\z> as 

{a) u o)_ u a v a- v )y = ^ f(a)f(T(a)) \J (a(u) + l)(a(-u) + l)a(v)a(-v) 

(7.28) 

Here \T(a)) = Ca/ U a]_ u a v a- V \a) and C is positive normalization constant. 
Since v G Pl U Pj and a(v) > 0, a(— v) > 0, by definition of M there exists 
unique 7 G M such that 

^"7 = a (7.29) 
Therefore, with |T(a)) = CaUl M at,a_t,|o;), we have 

T(a) = A u j. (7.30) 

Furthermore, by (|7.29p . we have 

7(n) = a(it) and 7(1;) = a(v) + 1. (7-31) 

Inserting (17391 . (17301) and (I73T]1 into ([7351) . we have proved (I736|) . 
To prove (|7.27|) . we define iV„ as the following set: 

N v = {a£ M|V 7 G M, A v j / a} (7.32) 
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Following the previous argument, we have 

(alai u a v a- v )^ - P{u,v) < ^ \f(a)f(P)(P\alat u a v a- v \a) 



The right hand side can be divided into two cases: 



E 



a£N v ,p£N u ,P(u)p(-u)>a(v)a(-v) 

E 

aeN v ,/3eNu,a( v )<x(- v)>P(u)P(-u) 



(7.33) 

f(a)f(p)(p\aial u a v a. v \a) (7.34) 
f(a)f(P) (P\ alaL u a v a- v \ a) 



By definition of /, if (f3\aua_ u a v a— v \a) ^ 0, we have |/(/3)| = |A u /A 1) /(a)|, 
f3(u) = a(u) + 1 and P(—u) = a(—u) + 1. Denote by N V)U C N v the set 

N v>u = {a£N v : (a(u) + l)(a(-u) + 1) < a(v)a(-v)} (7.35) 

Hence we can bound (|7.34p by 

(7.36) 



I ^2 f{a)f(l3)(/3\alal u a v a- v \a}\ 

a£N v ,P&N v 

< E Y \f^)\ 2 a(v)a(-v) + £ 

aeN v ,u V P&N UiV 

2 



A,; 



A u 



|/(/3)| 2 /3(u)/3(-n) 



Now we bound SagAT u l/( a )l «(^)«(— v). If a G JV„ and a(v)a(— v) > 
0, then with Proposition 15.31 there exist a', v' G Pl with a' € MJ, such that 

« = (7.37) 
If a' ^ iVy, then there exists 7' s.t. ^7' = a'. Hence 

and we have a contradiction. Hence we have a' G iV„ and c/(— u) > 0. Again 
by Proposition 15.31 there exist a" , v" G Pl such that a" G MJ„ 



n 



' = /'-»-Ta" 



(7.38) 



Combining (|7.37p and (|7.38p and using (|5.7p . we express /(a) in terms of 
/(a"), «'>')> a"(t/') and q"(0) and A's. By definition of M, a"{v) < m c 
for any v G Pl and we obtain 



\f(a)\ z < const. Q 2 m 2 c \A\~ 2 Xi \\_ v+v ,\ v+v ,,\ f{a"Y (7.39) 
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By (|5.1ip and — v + v',v + v" £ Ph, we have 

\f(a)\ 2 < const. g 2 m 2 c X 2 v eJ I 4 f(a") 2 
Summing over v' , v" £ Pl and a" € M, we obtain 

E \f(a)\ 2 < const. e 5 Vl 6 rn 2 c X 2 v e H 4 < (q 2 X v ) 2 

a£N v ,a(v)+a(-v)>2 

Similarly, one can prove that 

a£]V B ,tt(D)+tt(-c)>m 



(7.40) 



(7.41) 



(7.42) 



Hence, we can obtain 



E it i/(«)i 2 «w«(-^) < E 



A 



A,, 



\f(a)\ 2 a(v)a(-v) <2g A \X u X v \ 



a£N v , u " a£N v 

Inserting this result into (17.360 and using the symmetry, we obtain 

I E f( a )f(P)(P\ a l a -u a va-v\a}\ < const, g 4 \X U X V \ (7.43) 

a£N v ,/3£N v 

This completes the proof. ■ 

Using this lemma, we can estimate the term (a^at. follows. 
Lemma 7.4. For u, v G Pj U Pjj, 



( a l a -u a v a -v) - A„A, 



Q*(0,0) -Q»(0) 



|A| S 



(7.44) 



< |A u At,| g 2 ((Qy(u,v) + Q*(it, — «)) /2 + + Q$(w) + const. £> 2 



For aePi^eP/U Pff, 

(ajjal^a-,,) - A U A. 



Q*(0,0)-Q*(0) , £ 4 A 2 



+ 



|A| 2 1-^ 
£ IAuAbI £ 2 ( (Q*(u, u) + Q* (it, -«)) /2 + 2Q^(w) 



(7.45) 



4g 2 A 2 
1 - « 



+ 



(^ /2 + (i?A u ) 2 v^)) 
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For u,v 6 Pl 



(a^a^^ya-y) — X U X V 



Qtt(0,0) -Qtt(O) 
|A| 2 



(7.46) 



< \KXv\e 2 (Q* («,«) + (u) + 2Q* (u) + 3) 



VFe noie i/iai i/iere is no absolute value on the left hand side of the inequality 
when u,v £ Pl- 

Proof. We first prove (17. 44ft concerning u,v S Pi U Ph- By Lemma 1 7. 3 ( we 
have 



(ala^aya-^ - P(u,v) 



< const, g |A U A„| , 



(7.47) 



where P(u,v) is defined in (j7.25j) . By the property of / in (15. 4j) . we can 
rewrite P(u, v) as 



KK\fh)\ 



2 7(Q) 2 -7(0) 
|A| 2 



(7.48) 



x V(7(«) + 1)(7("«) + 1)(7(«) + l)(7(-v) + 1) 

The situation that 7 G M and ^"^7 ^ M can only happen when 7(0) = 1 
or 0. But in this case, 7(C)) 2 — 7(0) = and the term vanishes. Hence 
the summation of 7 in (|7.48p can be replaced by X^eA/- Therefore, for 
u, v £ Pi U Ph, we have 



P(u,v) - X U X V 



Q*(0,0) -Qtt(0) 



|A|= 



(7.49) 



< 



£ i a « a -i 1/(7)1 



> 7(0) 2 
|A| 2 



x |V( 7 („) + l)( 7 (-n) + 1)( 7 («) + l)( 7 (-w) + 1) - 1 
From 7(0) < iV and the Schwarz inequality, the rhs. is bounded by 



7(u) +7(-u) 



+ 1 



7(«) +7(-«) 



+ 1-1 



(7.50) 

By symmetry, we have Qq,{u) = Q^(—u) and Qqj(u,v) = Q^,(—u,—v). So 
we have 

Ml < |A M A„| £» 2 f -(Q*(«,u)+Q*(ti,-u)) + Q*(tt) + Q*(u)J (7.51) 
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Together with (|7.47j) . we have proved (j7.44j) . 

We now prove (|7.45p concerning it G Pj,, v G Pj U P#. Following argu- 
ments in the previous paragraph and using (|5.5p and (|5.6p . we can rewrite 
P(it, w) as 

£ ^A»|/(7) r (0) :- 2 7(0) (7.52) 

x V(r(u) + l)(7*(-«) + 1)(7(«) + l)(7(-u) + 1) 



Notice that no matter we use (|5.5p or (|5.6p . the final result is the same. For 
7 G M with 7(0) > 2, the case A u, y ^ M can only happen when j*(u) = m c . 
Hence, the summation of 7 in (I7,52|) can be replaced by Y^-y*(u)^m c - Since 
j*(u) = 7*(— u), for u G Pl, u G P/ U Pff we have 

P(u,«) = 53 AnA,|/(7)| 2 ^7^^(7*(n) + 1) V( 7 («) + l)(7(-«) + 1) 

7*(u)^m c 

(7.53) 

Since 7 (0) < N, we have 

pr v , , Q 9 (0,0)-Q 9 (0) x - N m2 7(0) 2 -7(0) x 
P(u, u) - A M A„ 2^ A M A W |/(^)| ^ 7 (n) 

< E |AnA„| |/( 7 )l V(7» + 1) I VW) + 1)(7(-") + 1) " 1 
+ E |A u A„||/(7)| 2 ^ 2 (7*(n) + l) (7.54) 

7* (u)=m c 

We can replace ^7*(«)^m c m the ^ rs * term of rhs. by XryeM ^° have an 
upper bound. Since \J (7(f) + 1)( 7 (— v) + 1) — 1 < [7(f) + j(—v)]/2 and 
7*( n ) < 7( n ) + 1) we can bound the right hand side of (|7.54p by 



%(Qv(u,v)+Q 9 (u,-v))+2Q 9 (v)+ E 2 I/(7)| 2 7M|:7.55) 

7(u)>m c — 1 



I An A,; I (? 



The last term is bounded in (|5.57[) . i.e., 



E l/(7)| 2 7M< T ^2^ /2 (7.56) 

7(u)>m c — 1 
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The estimate ()7.45p follows from last three inequalities and (|7.52p . pro- 
vided that we can establish the following estimate 

E l/(7)l 2 7(0) | A j 2 7(0) 7*(") = (1 _^l u)2) [1 + 0(^ 2 ) + 0{{ Q X U )^)\ 

(7.57) 

To prove this, we first divide the summation of 7 into 7 £ and 7 £ M°. 
For the case 7 £ M*, we have 

E i/(7)i 2 7(0) | A j 2 7(0) rw < ^.(u) < g 2 (1 ^;{ )2) (i + en 

(7-58) 

where we have used (15,14p in the last inequality. For the case 7 £ using 
(|5.22p . we have 



E l/(7)| 2 7W ," 7W 7'(u) < const. ^ £ l/W| 2 7(-) 

(qK) 

This proves the upper bound part of (17.571) . The lower bound follows from 
(|5.58p since 7* (it) > *y(u). 

Finally, we prove (|7.46|> concerning u, v £ Pj,. Similar to the previous 
argument, by (|5.5p and (|5.6p . we can rewrite P(u,v) as 

£ ^l/(7)r 7(0) |- T(0) (7.60) 



x\/(7*(«) + 1)(7*(-'") + l)(7*(u) + l)(7*(-u) + 1) 
Since A u Au > and 7* (it) = 7*(— u), we have for it, v £ Pl, 

P(«,tO - A M A, 9 * ( °'° A ~ g * (0) < £ KKq 2 |( 7 » + 1)( 7 » + 1) - 1| 

(7.61) 

Using 7* — 7 < 1, we have proved (|7.46|) . ■ 



We now can now prove Lemma 14.41 
Proof. Summing over u, v 7^ of (|7.44j) . (|7.45p and (|7.46|) . we obtain that 

E j^(a{al u a v a^ v ) <A+B+Q (7.62) 
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where 

_ Q*(0,0) -Qtt(O) V- Y^L\ \ 
|A|2 ^ |A|2 A " A - 

1 1 u,v^0 1 1 



5-2 E 7X1T A « A ^ 



|A| 2 " "1-^2 



= TTH ( E IK-u||A u A„|£> 2 Q^('u,'y) + ^ MKKV u - v \Q 2 Qy(u) 
+ ^ 3|T4_ 1) ||A u A, ; |^ 2 (Q^(n) + 1) + const. £> 4 |A n A„| |K-i> 



u,vGPl u,vePiUPh 



+ J2 \ x u\ v \\V u - v \ jig ^ 2 (g^ 2 + (A M g) 2 v^) j (7.63) 



The error term f2 can be bounded by using the following facts, (1): 
\q\ u \ < 1, (2): \ J2 V ^ Q X V V U _ V \ < const. A, (3): |K| < V , (4): |A U | < 
goM~ 2 for any ti / and (5): ^2 UV \X U V U - V X V \ < const. |A| 2 : 

„ . const. ( v-^ ^ / \ \ - _ , . . QlW + l 2 

^ ^ HaFI E^*M + E Q*(^ A + E ^2 g 

1 1 V m,i>^0 MeP/UP ff u,v£P L 



+ g 4 |A| 2 + £ A (^ /2 + (W^)) (7-64) 



By (|6.ip and (|5.2p . the first two terms on the right hand side are bounded by 
o(g 5 / 2 ). Using the trivial bound Q^(u) < m c for u 6 Pl, the third term is 
also bounded by o(p 5/2 ). By (f?T20]) and fT2Tj) . the last term is also o(g 5/2 ). 
Hence the error terms are bounded by < o(g 5//2 ). 

We now estimate A and B. Notice that (Q#(0,0) - Q^(0))|A|~ 2 = 
£o + o{(fi/ 2 ). Hence we shall replace this factor in A by Qq. Since A u = — w u 
for iieFjU Pff, we have 

A U A« = w u w v -2 ^2 (X u + w u )w v + 22 (X u + w u )(X v + w v ) 

u,vj^0 u,vj^0 u&Pl, d^O «,i)SPi 

We can now decompose ^4 into 

A = \\w 2 V\\ ie l + A 1 +A 2 + A 3 + o(g 5 / 2 ) (7.65) 
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where 

u€P L ,veP L ' ' 
As = 1T]t( A « +^)^0 

Since |u> u g| < const. £>|u|~ 2 < e7 2 , we have A3 < o(g 5 ^ 2 ). We can also obtain 
the simple estimate A2 < o(g 5 ' 2 ). 

If we replace g 2 in B by g^, which is equal to g 2 — 0(g 5 / 2 ), we have 

V _ / o 2 A 2 \ 
£ + A 1 = -2 ^ I A M - _ " + A M + w u J (7.66) 

Using \V U - V — V v \ < const. \u\ for u £ Pl and v £ Pj U Ph, we can simplify 
5 + A 1 as 

^ + ^1 < -^^g 2 £ ( TZ ^ + «,) + o^ 2 ) (7.67) 

Since |g u — <?o| < const. |u|, we have \w u — goM~ 2 | < const. g^^Sj} . 
Then we can replace w u with <?oM -2 m (|7.6Tj) . Setting u = g l / 2 k, we have, 
by definition of A, 

W^A)-!^ ( I ^ + ff oH- 2 ) (7.68) 



svr 3 ;^^ 1 ^ yr+%^ 2 J k 2 

Inserting this result into (I7.67h and (17,65p . we have proved (|4.11j) . ■ 

8 Proof of Lemma 14.51 

In this section, we prove Lemma [4.51 concerning potential energy terms with 
one oo- Let Vj S A* and Vj / for j = 1, 2, 3. Define Ph,c as the following 
subset of Ph- 

PH,c = {keP H :\k\<k c }. (8.1) 

The following lemma classify all possible scenarios of vi, t>2, V3. Through 
out this section, we assume that v j 7^ for i = 1,2, 3. 
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Lemma 8.1. Suppose [3, a G M and (a\a a vi a V2 a V3 \j3) ^ 0. Then there are 
only three possibilities: 

1. 

vi G P L , v 2 , v 3 G P H ,c, Vi / ±Vj for i / j. (8.2) 

2. 

Vi G Ph,c, v 2 G Pl, V3 G PH,c,Vi / ±Uj /or i / j; or 2 ^ 3. (8.3) 

3. 

vi G P L , v 2 G Pl, v 3 G Pl. (8.4) 

Proof. Since particles with momenta in P/ are always created in pair, e.g., 
(u, — u), either none of v j's belongs to P/ or two of them belong to P/. Thus 
we have: 

v\, V2 G Pj =>• v\ = v 2 , or 2 <-> 3 (8.5) 

«2, w 3 G Pi V2 = -v 3 . (8.6) 

If two of fj's are in Pj, by the momentum conservation v\ = V2 + ^3 the 
other one must be equal to zero, which is a contradiction. Therefore 

Vi for 1 < i < 3. (8.7) 

The restriction \vi\ < k c follows from the construction of M. Therefore, we 
have 

Vi G P L U P h ,c, for 1 < i < 3 (8.8) 

Since particles in Ph,c are always created in soft pair creations which 
generated two particles in Ph,c, the number of particles in Ph,c is even. So 
either none of v^s are in Ph,c or two of them are in Ph,c- Together with 
(|8.8p . and momentum conservation, we prove the lemma. ■ 

For fixed v\ , v 2 , i>3, define 

F(a)= Yl \a(vi) - a(-v t )\ (8.9) 

i:Vi£P L ,i=l,2,3 

Lemma 8.2. For any a, f3 G M if {^a^aX^^a^ \j3) ^ and Vi ^ ±Vj, we 
have: 

F{a) + F(p) = #{i = 1, 2, 3 : Vi G P L } (8.10) 
Furthermore, the ratio between f(a) and f{(3) is bounded as follows. 

_L r-fF{ a )-F{l3) 
o2oviV < 



f(a)^/\ V2 \ V3 a(Q)/ A 



- 1 nr;F{°t)-F<,P) 
< g^VN v ; ■ ' (8.11) 
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Proof. Since Vi 7^ ±Vj, for each i fixed, if a G M", then /3 6 M*. and vice 
verse. This proves (|8.10|) . 

Recall the definition of / in (|3.18p . Then one can check the ratio involv- 
ing f(P)/f(a) in (|8.1ip depends only on the last factor 

H V4a*(n)A u |A|- 1 

«£Pj / ,a*(«)-a(ii)=l 

We now use (|5.1U|) to bound A in this expression. Since F{a) counts how 
many times this factor appears, this proves (|8.1ip . ■ 

Using the definitions of tjl and m c , the bound a(0)/A < g and lemma 
17.11 we have 



f(a)f((3)(a\ 



.12) 



< 

and 

< 



■F(a)-F(j3)+1 -L 
N g 20 , 



3 



>/a(«i)(a(«!j) + l)(a(u 3 ) + l)|/(a)f 



/(«)/(/?)(«! 



.13) 



■F(/?)-F(a)+l =1 

A^ ^20 



Lemma 14.51 follows from summing the three inequalities of the following 
Lemma. 



Lemma 8.3. In the limit k c — > 00, £ — > 0, we /iaue 

lim feej e |A|" 2 £»~ 5/2 ^2 (y^alal^a^ = -2||Vio[|i 
(15721 ) 



1 "'^i ^2 



3/2 
% 

3vr 2 




(8.14) 

(8.15) 
(8.16) 



lim fcc JArV 5 / 2 £|K 2 (4 

f873t 

lim fcc) e |A|~ 2 £T 5/2 ^2 Wv2 (44i a «2 a « 3 ) = 
JO) 

Proof. We first prove (|8. 14[) concerning (|8.2p . which implies that F(a) + 
-F(/3) = 1. By the bounds on \ u in (|5.10p and a*{u) < m c for u G Pl, we 
have, for -F(/3) = the following slightly modified version of (|8.13p 



\f( a )f(P)\ (a\ala ] Vl a V2 a V3 \ 



< £» 10 Q 



>ti>£WP(V2)P(vs)\f(P)\' 



.17) 
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Here we replaced g 1 / 20 in f)8. 13j) by g 1 / 10 to accommodate small errors. 
Summing over (5 with F(j3) = 0, we have 

]T f(P)f(a)\(a\alal iav2 a V3 \p}\ < Q~ 11/W y/\ A^ 1 |Q*(«, u) (8.18) 

F(/3)=0 

Using the bound (|5.42p on Q^(u,v) and |A U | < goM" 2 ' we obtain that 

dSISD = o(^ 2 ). 

Since F{a) + F(f3) = 1, the other case is -F(a) = 0. Hence we have 

(alal^a^) = A 1 + A 2 + o{g 3/2 ) (8.19) 
M= E >/«(0)a(«i)/(a)/C9) 

F(a)=0 

A 2 = ^ \/«(0)«(«i) (v / R^) + l)(«(u 3 ) + 1) " l) /(«)/(/?) 

F(c*)=0 



By the estimate (|8.11|) and the Schwarz inequality |2(y(a + 1)(6 + 1) — 1)| < 
a + 6, we have 

|A 2 | < ^ 5 £ ^) + ^3) |/(a)|2 (8.20) 

F(a=0) 

< Q A/5 (Q*(v 2 ) + Q*(«s)) < <V) , (8.21) 

where we have used the bounds on A's and Q^{u) for u E -P^. 
By the property (|5.7p for /, we have 

A 1 = 2 > /A^A^ ^ a(0)a^i)|ArV(«)| 2 (8-22) 

F(a)=0 

We notice 



i«)l 2 



aCOja^OI/CaJI^QsCO.uOIAI- 1 - £ a^a^lAI" 1 ^ 

F(o)=0 aEM^ 

(8.23) 

The absolute value of the second term is less than pm c EaeM" l/( a )| 2 - 
By QSgSD , it is less than £ 7 / 4 . Then with lyO^A^I < 0(e]f), we obtain 

(a^a^a^) = 2 V /A W A„ 3 Q*(0, u^AI" 1 + o(^ 3/2 ). (8.24) 
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Recall A n = —w u for u G Pi U Pjj and w u = W- u due to our assumption 
on V. Since v\ < Pl ~ and f 2 = — V3 + «i and t>2 G -Pff, c , we can check 
that 

|A„ 2 -A„ 3 | < (8.25) 
Inserting this in (|8.24|> . we arrive at 

alal^a^ = 2\ V2 Q*(0, v^A]" 1 + o{q 5/ *) (8.26) 

In the limit k c — > 00, £ — ► 0, we have 

|A|~ 2 ^ (K 2 44x av 2 av 3 ) = -\\Vw\h\A\~ 2 Y <5*(0,wi)+o(/ /2 ) 

vi€P L ,v 2 £P H ,c Vi£P L 

(8.27) 

We note 

|A|~ 2 Yl <9*(0^i) = ^|Ar 1 Q*(0)-|A|- 2 Q*(0,0)-|Ar 2 ]T Off(0,«) 

(8.28) 

The last term is less than iV|A|~ 2 ^2 ue p lU p H Q^{u) < o(£ 5 / 2 ) by Theorem 
15.11 Together with Lemma [5T6l !5.3l on Q^(0, 0) and Q^(0), we can compute 
the first two terms, i.e., 

|A|- 2 Y Q*(°i«i) = eo(e- £o) + o(e 5/2 ) (8.29) 

«iePi 

This yields (|Q3)> . 

We next prove (|8.15p concerning (|8.3p . Without loss of generality we 
assume that 

wi,3 G *V and « 2 G P L (8.30) 

Following similar arguments in the previous proof, i.e., using Lemma 17.11 
(|8.12p or (|8.13p and the bounds on A u 's, we have 



\{alal iav2 a vz )\ < Y ^ a{ Vl ){a(v^) + 1) |A^| |/(a)| 2 (8.31) 

F(a)=0 



F(P)=0 

For the upper bound, we can replace YlF(a)=o by S a eM- Using the upper 
bounds (|5.15p and ()5.42j) on Q^(u) and Qy(u, v) for u, v G Pff, we obtain 



,t„t 



< const. g 3 / 2 . This proves (|8.15p . 
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We now prove (|8,16p concerning vi € Pl satisfying F(a) + F{j3) = 3. It 
is easy to prove that the contribution from the special cases, v\ = — i>2(or 
V3) or V2 = V3, is negligible, 

Em e E |K 2 (44 1 «« 2 a« 3 )|^" 5/2 |Ar 2 = (8.32) 

special cases 

So from now on we assume that Vi 7^ ±Vj for i 7^ j. As before, we rewrite 
) by using Lemma 17.11 and (|8.12p or (|8.13p . Together with the 
bounds on A^'s and a(vi) < m c , we have 

Kaja^a^a^)! < J] J\rV* r l/(a)| 2 + £ e "&|/(a)ft8.33) 

F(a)=0 F(a)=l 

+ E ^V%(/3)i 2 + E ^^i/(/3)i 2 

F(/3)=0 F(/3)=l 

By symmetry, we only need to estimate the first two terms on the rhs. The 
first term is less than iV -1 £>~io. For the second term, we note F(a) = 1 
implies that there exists i, 1 < i < 3 such that a S M°. By (|5.23p . we have 

E i/(«)i 2 <^ 3/4 ( 8 - 34 ) 

F(a)=l 

This implies \{a\a\ 1 a V2 a V:i )\ < q 1 / 2 and (|8.16p . which complete the proof. 



9 Interaction Energy with Four Nonzero Momenta: 
The Classification 

In the next three sections, we will prove Lemma 14.61 involving interaction 
energy without ao- We will show that the only contribution to the accuracy 
we need comes from four high momentum particles, to be computed in next 
section. In this section, we start the procedure of identifying the error terms. 

For a, j3 S M, we have the following lemma, similar to Lemma 18.11 and 
Lemma 18.21 Since it can be proved by same method, we will only state the 
result. 

Lemma 9.1. Suppose v% / 0, 1 < i < 4 and v \ + v 2 / 0, v\ 7^ V3 or V4. If 

(a| a^a^ 0^3 OyJ/3) f or some a, (3 € M, then there are exactly four cases: 

1. All ofvi E Pl for 1 < % < 4. 
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2. vi,v 2 G Pl, v 3 ,v 4 G P H , 



3. One of vi,V2 is in Pl and the other is in Ph,c! on & of 1)3,1)4 is in Pl 
and the other is in Ph.c- 

4. All of Vi G Ph, c for 1 < i < 4. 
If Vi / for 1 < i,j < 4, w;e foat>e 



JL /rpfW-f 09) / 



f(f3)^X~X 



L'2 



f{oc)y/X V3 X l 



. =1 r;rfF(a)-F(l5) 
< Q20 y/N , (9.1) 



^2 ^3 ^"4 I 



(9.2) 



<VN F(a) F(i?) ,W J^i V«(^)«("2)(«fe) + 1)(«(^4) + 1)|/(«)| 2 



'113 "U 4 



and 



/(«)/(/3)(a| 

^Wl ^1)2 ^"3 ^ 



(9.3) 



F(f3)-F(a) =1 X Vl X 



('2 



A^ 3 X Vi 



y/Wi) + l)(P(v 2 ) + l)(3(v 3 )P(v 4 )\f(P)\ 2 . 



PROPOSITION 9.1. For u E P L and v G Ph, c , we /icwe f/ie following 
inequality 

«W|/(«) 2 ! < N*? 3- * 5 (9.4) 

Proo/. By definition of M ([379]) . for any a G M^ 1 , there exist G and 
A; such that A u ' k (3 = a and ±& + u/2 6 Ph.c- Clearly, for any v G Ph we 
have a(f ) < (3(v) + 1 and the case we need the constant 1 occurs only when 
v = k + u/2 or v = —k + u/2. Hence we can bound the left hand side of 
flOD by 

£ Yl P(v)\f(A u > k p) 2 \ + Y, E i/(-4 M, Wi ( 9 - 5 ) 

/3 fc:±fc+«/2G-PH : c /3 fc:±fc+u/2=-i; 



Recall (|5.7p implies that 

l/C^W < imfemclM- 1 \x k+ u/2X- k+u/2 \ 



(9.6) 
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By the bound (|5.1ip on A, we obtain that 



m <E«i/^)i 2 ^ 



E \^k+u/2^-k+u/2\ 
±k+u/2£P H 



+ IA.NAI- 1 
(9.7) 



< Qa,{v)Qm c e H A kl + |A„| |A| 1 
Using Proposition 15.44 we have proved ([9~ 
Lemma 9.2. We have the following estimates on the interaction energies: 



hm mc ,^- 5 / 2 |Ar 2 e 

V1,V2,V3,V4£Pl 



(9.8) 



hm mci ^- 5 / 2 |A|- 



E 



hm mC) ^- 5 / 2 |A|- 2 ^ 



,t „t 



Vvi—V3 { a v 1 a v2 a V3 a V4 



= 

(9.9) 
(9.10) 



vi,v 3 eP L ,V2,v 4 <EP H 

In other words, the contributions from case 1, 2 and 3 in Lemma \ 9.1\ are 
negligible for our purpose. 

Proof. We first prove the (|9,8p concerning Vi G Pl- By Lemma [7. H we have 



^4 2 a U3 a„ 4 ^| < ^2\f(a)f(T(a))\ 



(9.11) 



Using the Schwarz inequality, we have ^a^o^a^ga^y < m\. The sum- 
mation over the V{ with i>j = ±Vj for some 1 < i < j < 4 is negligible in the 
sense that 



|A|" 2 E 

«1 ,V2 ,«3 ,V4&Pl ,Vi=±Vj 



Q'Vl ®'V2 ®""3 ® v 4 



<o(q' 



5/2) 



(9.12) 



From now on, we assume that Vi ^ ±Vj for any 1 < i < j < 4. 
Using (|9.2p . (|9.3p and the bounds (|5.10p on A, we have 



®Vi ®"V2 ® v 3 ®"°4, 



< E Q^N^lfiafl 

F(a)<l 

+ E ^l/H 2 l+ E e^N~ l \f((3f 



F(a)=2 



F((3)<1 
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By (JIlMD, we have 
A = £>~ 25 / 8 , we can sum over Vj to have 



CLy^ Q>V2 &V4 



< g 9/5 . Together with (|9T2j) and 



IM- 2 E 

Vl,V2,V3,V4,&P L 



a Vl a V2 av 3 av 4, 



(9.13) 



We now prove (|9.9p concerning G Pl and ^3,4 G Ph c . As before, by 
(19^D . (1931) . (EHUD and (EUTD . we have 



a ui a U2 ffl «3 a "4 



£ A r " 1 ^V / («(^) + l)(a(^) + l)|/( 

F(a)=0 



a: 



E » 

F(/9)<1 



10 



^V3 ^V4 



l/G9)| S 



By the Schwarz inequality, we have that the first term in rhs. is o(^ 4 ). Since 
i>3, G Pff, by (|5.42p we obtain that the second term in rhs. is o(g 11 ^ i ). So 



a vi a V2 a V3 a V4 



< Q 4 



(9.14) 



Summing over i/j's, we have proved (|9.8p . 

Finally, we prove (|9.10p concerning G Pj, and 1)2,4 G P#. Again, 
with (pOj) . ([93]) and the bounds on A's in (pUOj) and ([STTTj) . we have 



^1)2 ^""3 



Q 3 



AT-^ts- 

F(a)=0 



< Qi + Q2 + <9s 

' a(v2)(a(v4) + 1) 



A 



t'2 



F(/3)=0 V 



(9.15) 
(9.16) 



E ^J a( " 2)( " M + 1) |/(a)| 2 



I A, 



(9.17) 



F(a)=l V 

By Theorem 15.11 and the fact \fx < x for x G N, we have 

Qi < AT^WA- 1 / 2 (Q*(«2) + Q*(t^ 4 )) < £ 3 , 
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where we have used the bounds (|5. 15 j) and (|5,42p on Qq(u) and Q^(u,v). 
Similarly, we have Q 2 < g 5 . Again using the fact ^fx < x for x £ N , we 
have 

Qi < Yl 6^ a ( v 2)\K 2 \~ 1/2 \f(a)\ 2 + g-To\X V2 \- 1/2 Q^(v 2 ,v 4 ) 

F(a)=l 

< Yl ^«MiA, 2 r i/2 i/(«)i 2 + ^ 3 , 

F(a)=l 

where we have used f|5.42[) . We can estimate the first term in rhs. by (|9.4p . 
Collecting all these bounds, we have proved that 

< g 2 - 7 (9.18) 

Summing over Hj's, we have proved (|9.10p . ■ 



,t „t 



10 Interaction Energy with Four High Momentum 
Legs I: The Main Term 

We now estimate of the interaction energy in the case 4 of Lemma 19. 11 i.e., 
ki, i = 1, 2, 3, 4 satisfy 



k\ + k 2 = k 3 + k 4 , ki + k 2 / 0, ki / k 3 , k\ / /c 4 , ki G Ph,, 



;io.i) 



In the remainder of this paper, all p^s, q^s, k^s belong to Ph, c and Ui, v^s 
belong to Pl- We start with some special cases. 

Lemma 10.1. Suppose ki satisfy (jlO.ip , Then we have 



Y2 K- fc 3 {AAiVk,) = ° (V /2 iai 2 

k 1: k 3 

Y (4x4^-^^4)1 = o (g 5/2 \M 2 
Proof. By definition of /, if (ala^a^a^akJP) ^ 0, then 

/(«) = 



10.2) 



10.3) 



X V3 X V4 



(10.4) 
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Using Lemma |7. 1\ we have 



4i4 2 °*3°*4 



/9 



Afe 3 Afc 4 



n v^yny n vwmsM 



i=l 



8=3 



(10.5) 

Consider first the case fei = &2 and, by (jlO.ip . k% ^ k$. Using the estimates 
()5,lip for A*-, we have 

( a l 1 4 1 a fc3 a fc4) = \K 3 KA~* (Qv(h,h,h) + Q<a{h,k A )) (10.6) 

Since Ylki ^3> ^4) — NQ^^ks, ki), we have 

^2 (4i a li a fc3 a fc4/ = |A« 3 A„ 4 |~2 g-ro (NQi$(k3,k4) + Ak^Q^(k3,k 4: )) 



With £3 ^ ±k<± and the bound on Q^ik^^ki) in (|5.42[) . we arrive at the 
desired result (|10.2p . 

The case k\ = —k% can be proved in a similarly way by using 



vWTMTl) < Uf3(k 2 ) + /3(h) + 2). 



By symmetry, we can prove some other special cases such as k% = —k^ 
are negligible. So from now on we focus on the cases 



h + k 2 = h + &4, h e P HjC , h / ±kj for i / j 



;io.7) 



This condition will be imposed for the rest of this section. Denote by 
M[ki, k 2 ] the set of all states created by a soft pair creation A kl+k2 ' k i/ 2 - k z/ 2 
from another state, i.e., 

M(h,k 2 ) = {/? G M|3a G M fc s i+fc2 such that k 1 /2-k 2 /2 a = ^ j 

(10.8) 

if k\ + k 2 £ Pl. Otherwise, we set M[fei, fo] = 0- Notice that 

A k 1+ k 2 , fc 1 /2-fc a /2 a \ = C( ,t „t 



' a fci a fc 2 afc i + fc 2 a o I ct; 
for some normalization constant C. Hence for /?, 7 G M, if 

,t „t 
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we have k\ + k% = k$ + k^ and 

j^k 1 +k 2 , ki/2-k 2 /2 a — p ^ j^k 3 +k 4 , k 3 /2-k 4 /2 a _ 



10.9) 



The main contribution of the four nonvanishing leg term is identified in 
the next lemma. 

Lemma 10.2. 

hme- 5 / 2 |Ar 2 e e Vki-ksmm^lai^a^ 

C,Q lp?7t 0€M(ki .fcal 



3/2 



Proo/. By (fT09|) . we have 



(10.10) 



E /WW (/H4 2 wJt) (io.li) 

/3eM(kiM) 

4 4 

E 4|/(a)| 2 |A|- 2 a(0)a(A :i + fc 2 ) J] V(«(^) + 1) 



i=l aeM 



k 1 +k 2 



i=l 



We claim that (jlO.lip is very close to the following expression: 

4 

HV^kl E 4|/(a)| 2 |A|- 2 a(0)a(fc 1 + fc 2 ) (10.12) 



i=l aeA/ 



fc 1 +fc 2 



For Xi > 0, we have 



1 < y/ix-i + l)(x 2 + 1)(X3 + l)(a:4 + 1) < ^(a:i + x 2 + 2)(s 3 + x 4 + 2), 



Since a(0) < A" and a(fci + /c 2 ) < m c , we have 



(10.13) 



|A| 



rii=i 



where we have used (|5.15p and (|5.42p . 

By definition, Q^r(0, k\ + fe 2 ) = S«eM a(0)a(/ci + A; 2 ). Together with 
a(0) < A" and a,{k\ + fc 2 ) < m c , we have 



rii=i 



4|Ar 2 Q*(0A + A: 2 ; 



^t?t E I/hi 2 ( 10 - 15 ) 



|A| 



fe 1 +fe 2 
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Using the bound f)5.23|) concerning YlaGM a > we nave 

fe 1 +fc 2 



(gnu 



rij=i 



4|A|~ 2 Q^(0, fci + A; 2 



< ^lAI" 1 



(10.16) 



Combining f|10. 14|) . (|10.16p . with the bounds on A in (|5.1ip . we have: 



CEID - J] X /A^4|A|- 2 Q*(0, kx + h] 



i=l 



< 



|A| 



(10.17) 



Since A r 



-Wr, 



-g p p 2 for p G Pff and |g p - p 9 | < const. - \q\\, 



we have for p,q G P# )C with p + q £ Pl 

|A P - A,| < const, e^ 1 1 |p| - < £» 3/4 (10.18) 

_3/B 



This implies |yAp| — |yAg| < £• • Applying these results to Yl i=1 yAfc" 
with k\ + &2 = &3 + /s4 G Pl, we have 



i=i 



<2 



1/4 



(10.19) 



Inserting this inequality into (jlQ.lZj) and using Q^,(0, kx + k 2 ) < Nm c , we 
obtain 

flunj -4A fel A fc3 |Ar 2 Q*(o,w)| < ^/v^r 1 , v = k l + k 2 (10.20) 

Summing over v £ Pl and fci, ^ 6 -Pff.o we have that the left hand side of 
(|10.10P is equal to 



lim 4||w 2 F||i V Qy(0,v)g- 5/2 \A\ 

->OO,0— >0 ^ ' 

f6P L 



-2 



(10.21) 



With dQSD , we have proved qiO.lop . 



11 Interaction Energy with Four High Momentum 
Legs II: The Error Terms 

Our goal in this section is to prove that the interaction energy associated 
with four high momentum legs which are not covered by Lemma 110.21 is 
negligible. We state it as the following lemma. Notice that Lemma 14.61 
follows from the results in the previous two sections and this lemma. 
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Lemma 11.1. 



c ' ITaTt 0<tM(ki ,fc ? 1 



^ 1 



|A| 

(11.1) 
We start with the following lemma. 
Lemma 11.2. 

lim ^ ^ 1/(0/(7)1 < A < o(^ 2 |A| 2 ) (11.2) 

c ' g |(Ta7t 8.y.8<?M(ki.k9) 
where the summation is restricted to all (3,j G M such that 

,t „t 



PWkiHa ** **]!/ + ( 1L3 ) 

Proof. In this section, we use the following notations: 

A-k,kU = A k a and A-k+%, k+^ce = A u,k a (H- 4 ) 

For any {v\, • • • , v t } C Pl such that V{ / ±Uj, 1 < i,j <t and a G M*., 1 < 
« < i, define 

t+s 

M(a,s,{ui,--- ,u t }) = {JJ^l^/a, ft, G Pff, c ,ft + <k = «»} (H-5) 

i=l 

where Ui = Vi,l < i < t and Uj = otherwise. Since G Pl and all other 
momenta are in Pw r , ^4„. „/'s commutes with one another. 

PROPOSITION 11.1. For any x G M, tfiere exists (a, s, {t>i, • • • ,v t }) 
such that 

X G M(a, s, {v\, • • • , Vt}) (11.6) 
Proof. By definition of M, we can write the state \x) as follows: 

t s w 

\x)=\{A p ^\{A qk ,. qk J{{A u ^ U] r\N), (H.7) 

i=i fc=i j=i 

where u,- ^ Pff, c , := Pi + p\ G Pl, Pi,p'i,qk G Pff,c- Furthermore, we 
require that itj / for j / / and 7^ ±^j/ for i ^ i'. Notice that A p y 
commute with A q - q so that their orderings are not important. Clearly, the 
choice of 

w 

a = H(A Uj ,. Uj r\N) (11.8) 
3=1 

yields that % G M(a, s, {v\, v% ■ ■ ■ vt}) and this proves the proposition. ■ 
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For any (3, 7 satisfying (jll.3p . we have (3{u) = 7(f) for u G Pl U Pi U Pq. 
From the proof of Proposition 111,1] there exists (a, s, {fj, 1 < % < i}) such 
that 

/3 and 7 G M(a, s, {fi, • • • ,ft}) (11.9) 

Notice a is the same for both (3 and 7 and a G for any u G Pl. 

For any (a, s, {fi, • • • , ft}), define N(a, s, {v\, • • • , ft}) as the set of the 
pairs (/3, 7) such that 

1. /?, 7 G M(a,s,{ui,-- - ,f t }) 

2. there exist i = 1, . . . , 4 satisfying (fTOTjh /3 ^ M(k 1 ,k 2 ) and (fTOI) 
holds. 

3. for any other a', s', {f^, • • • ,v' t ,} s.t. ft 7 £ M(a / , s', {i^, • • • , f^}), 
then 

s + t<s' + t' (11.10) 

We assume (/?, 7) G M(a, s, {v\, • • • , ft}) and (|11.3j) holds. Clearly, s+t = 1 
or t = implies that /? G M[fei, ^2]- Hence if iV(a, s, {v±, • • • , ft}) is not an 
empty set then 

s + t > 2 and t > 1 (H-H) 
By definition of iV(a, s, {f 1, • • • , ft}), we have 

E E i/w(7)i (n-12) 

p07) l 0<tM(ki ,fc 2 ) 



< E ,«*})! , max l/(/3)/(7)l, 

where |JV(a, s, • ■ ■ ,ft})| is the cardinality of N(a, s, {v%, ■ ■ ■ ,ft}). By 
definition of /, if 0, 7 G M(a, s, {v 1, • • • , ft}) then 



a(0) 


2s+t 


m c 


|A| 




|A| 



|/(/3)/(7)l < 



From (|5.1ip and m c = g v , we have 



2t+s I <■/ \|2 



max{A fc } 2t+s |/(a)|^ (11.13) 



max |/(/3)/( 7 )| < (const, o 1 " 5 ^) 2 ^! A|"' |/(«)| 2 

/3,7GM(o,s,{di,--- ,« t }) 

Together with (|11.12p . the right hand side of (|11.12j) is bounded by 

< E W(a,s,{ Vl ,--- ,ft})| (const. ^) 2s +*|A|-*|/(«)| 2 (11-14) 

a,s,{vi--v t } 
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Define N(a, s, t) and N(s, t) by 

N(a,s,t)= max {\N(a,s,{v lr ■ ■ ,v t })\} (11.15) 

iV(s,t) = max{JV(a,*,t)} (11.16) 
With (|11.14|) . we can bound (I11.12|) by 

(Iini <]T|/(a)| 2 J] iV(a, a ,t)(canst. e 1 - 5, ') 2a+t |Ar* 

<E E iV(s,t)(const.^ 1 - 5r ') 2s+ *|Ar* (11.17) 

s,t {vi—vt} 

For fixed f the total number of set {v\ ■ ■ ■ vt,Vi £ Pl} is bounded by 
E 1 < (Ag^rjfYitiy 1 < (^- 5 ")f lA^t!)" 1 

{Vl—Vt} 

From t < (Ap 3 / 2 ^ 3 ) < g~ im and (111.111) . we have 

0-1.65 

E E i/wwi < E E ^^(const.^-^+f^r 1 

(11.18) 

Lemma 11.3. For any N(a, s, {v\, • • • , vt}), s + t > 2 and t > 1, we have 
\N(a,s,{v lr -- ,v t })\ <tlt^)\A\^ +1 ( g ^) t+s (11.19) 

25 

From this Lemma and A = g~~, the right hand side of (| 1 1 . 18 j) is 
bounded above by 

0-1.65 

E E (<? 5/2 |A| 1/2 t 1/2 ) (^lAl^y^const.g-^^A 

t>l s:s+t>l 
0-1.65 

E ( c ° nst - e°- 85ti/ y e ( const - ^ a35 ) SA ^ A 

t>l s:s+t>l 

This proves Lemma lll.2i 

■ 

We now prove Lemma lll.3l 
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Proof. Since (/?, 7) € N(a, s, {v\, • • • , «t}), we can express them as 

s+t t s+t t 

(11.20) 

and q 2i -i + q 2i = «i = §2i-l+§2i for i = 1, . . . ,i, q 2 j-i + q2j = q2j-l + C[2j = 
for i+l<j<s + i. From (jll.3p . we have 

{<?i, • • • , g 2s +2t} - A; 3 } = {§1, • • • , q2s+2t} - {h, h} (11.21) 

Denote the common elements in {qi} and {%} by pi, p 2 , • • ■ , P2s+2t-2- 
Then we have 

{qi} = k±, k 2 , Pi, P2, ■ ■ , P2s+2t-2, (11.22) 

{q~i} = h, h, Pi, P2, P2s+2t-2, (11.23) 

We now construct a graph with vertices {ki, k 2 , A%, ki,Pi, 1 < i < 2s+2t— 2}. 
The edges of the graphs consisting of edges (921-1, Q2i), 1 < i < s + t 
and 7 edges (§2j-l, §2.7), 1 < i < s + t. From (jll.3|) . the graph can be 
decomposed into two chains and loops. Thus there exist I, m; £ Z and 
< mi < m-2 < < mi = s + t such that 

ki< — >pi< — >P2< — > Pz ■ ■ ■ P2mi-i < — ► k 2 { or ■■■k i ) (11.24) 

^3 < ► P2mi < > P2mi+1 - - - P2m 2 ~2 < ► fc 4 ( Or • • • k 2 ) 

P2m 2 -1 < ► P2m 2 i ''P2m 2 +1 ' ' ' P 2 (m 3 )-2 < * P2m 2 -l 



P2m l _ 1 -1 < ► P2mi_i < ► P2m l _ 1 +1 ■ ■ ' P2(mi)-2 < ► P2m;_ x -1 

Here we have relabeled the indices of p and do not distinguish (3 edges and 
a edges. We also disregard the obvious symmetry ki — > A?2 and /C3 — > £4. 
Due to the condition (jll.lUp . the length of the loop must be 4 or more, i.e., 
for 3 < % < I 

m-i + 2 < m i (11.25) 

Together with mi = s + t, we obtain 

J< (a + t)/2 + l, t>l. (11.26) 
Without loss of generality we assume for 3 < i < j < I 

m, — rrii^i < nij — rrij-x (11.27) 
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Denote by N(a, s, {v±, ■ ■ • , Vt}, I, {mi, • • ■ , mi}) the set of all pairs ((3, 7) 
having the graph above and we now estimate its cardinality. 
We can add the information between k^s and p^s as follows 

7 Wl Wl W 2 w mi , . , . 

fei < >pi< >p 2 < ► P3 ■ ■ ■ P2mi-1 < > fc 4 ( or ■■■k 2 ) (11.28) 

Wmi u>mi+l Wm 2 , , » 

^3 < > P2mi < ► P2TOJ+1 • • -P2m 2 -2 < ► «2( Or • • • k±) 

»m 2 + l Wmj + l Wm 3 

P2m 2 -1 < ► P2m 2 < ► P2m 2 +1 ' ' ■ P2(m 3 )-2 < ► P2m 2 -\ 



w m l _i+l w mi _ 1+ i Wmi 
P2rrn_i-l < ► P2 mi -i < > P2m;_ x +1 ' " " P2{ mi )-2 < ► P2m,_i-1 , 

where ^4 > £> if and only if A + B = c. And tUj's the union of s zero's 
and {v±, • • • , ft}, so are w's. By ()11.20p . (3 and 7 is uniquely determined by 
Wi's, Wi's and one ki or »j for each loop or chain. 

To bound \N{a, s, {v±, • • • , Vt},l, {mi, • • • , mj})|, we note that the sum 
of momentum in each loop is zero. Thus we can count the number of graphs 
as follows. 

1. choose the positions of zeros in (3 edges. The total number of choices 
is less than 2 t+s . 

2. choose the positions of v\ ■ ■ ■ vt in (3 edges. The total number of choices 
is t\. 

3. choose the positions of zeros in 7 edges. The total number of choices 
is less than 2 t+s . 

4. choose the positions of v 1 • • • v t in 7 edges. We call a loop trivial if all 
the momenta associated with 7 edges are zero. The number of trivial 
loops is at most s/2 since there are at least two 7 edges per loop. 
Hence the number of non-trivial loops is at least I — s/2. Thus we only 
have to fix v in at most t — (I — s/2) edges and the number of choices 
is at most t l ^ l+s / 2 . 

Thus we obtain 

\N(a,s,{vw- ,v t },l,{m ir -- ,m,})| (11.29) 

< (const. )* +s i!* ( * +s/2_0 (A*?A)' 

< (const. ) t+s t\t^ {klK) t/2+s,2+1 
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where we have used (jll.26p Since 



\N(a,s,{vt,--- ,v t })\ = ^2 ^2 \ N ( a i s A v ir-- ,v t },l,{m lr ■ ■ ,mi})\ 

l {mi,— , mi} 



<+t 



(11.30) 



and 

y~* j y~* j i < const. 

I {mi,--, mi} 

we have proved (|11.19p . ■ 
We now prove Lemma 111. 11 

Proof. Let (3, 7 € M s.i./p\a^ ki (J k2 a] C3 a] C/k \'y\ 7^ 0. Using Lemma mi and the 
definition of /, we have 



/(/?)/( 7 ) (/3|<<«fe3«fe4l7) = f(P)f(7)Vf3(ki)(3(k2h(hh(h) 
< l/(/5)| 2 . 



(/3(h) + (3(k 2 ))Vl(k 3 Mh) (11.31) 

From the bound on Aj-'s in (|5.1ip and iV = Q~ 17 / 8 , we have 

/(/3)/( 7 )(/3|4 i 4 2 a fc3 a fc4 | 7 )| < |/(/3)| 2 (A fcl A fc2 )"^ (/J^) + P(k 2 )) e ^ 
Since Q^({k,m}) decays exponentially with m for k E Pjj (15.40|) . we have 



E E 

ljT07)l ff(fci)>3 or /3(fc 2 )>3 



mm (p\4A^ a ^) ^ °(q 5/2 \m 2 



(11.32) 



/(/?)/( 7 ) (/H^s^t) <o(^ 5/2 |A| 2 ) (11-33) 



By symmetry, we have 

E E 

Cfl73 7(fc 3 )>3 or 7(fc 4 )>3 

To prove (jll.ip . we only have to focus on the case (3(ki) < 3, i = 1,2 and 
7 (&j) < 3, z = 3,4. In this case, by (|11.3ip . we have 



mm (Pl^^^ly ^ |const./(/3)/( 7 )| 
Using Lemma lll.21 we arrive at the desired result (jll.lj) . 



(11.34) 
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12 Proof of Lemma EH 



The proof of Lemma [2 .21 is standard and only a sketch will be given. We first 
construct an isometry between functions with periodic boundary condition 
in [0, L] 3 and functions with Dirichlet boundary condition in [—£, L + ^] 3 . 
Denote the coordinates of x by x = (x^\ x^ 2 \ x^). Let h(x) supported on 
[—£, L + £] 3 be the function h(x) = q(x^)q(x^)q(x^) where 



(*) 



' cos[(x-£)tt/U], \x\ <£ 

1, £<x<L-£ 

cos[(x-(L-£))ir/4£], \x - L\ < £ { ' 

0, otherwise 



The function q{x) is symmetric w.r.t x = L/2. Due to the property of cosine, 
for any function (j) with the period L we have 

/ wwi J = / \m? (i2.2) 

Thus the map (j) — ► h<j) is an isometry: 

-^Periodic ^] 3 ) — * -^Dirichlet ([ — A L + ^] 3 ) • 

Let x( x ) b e the characteristic function of the ^-boundary of [0,L] 3 , i.e., 
x(x) = 1 if \x^\ < £ for some a = 1,2 or 3 where \x^\ is the distance 
on the torus. Then standard methods yield the following estimate on the 
kinetic energy of h(j) 

|V(M(x)| 2 (12.3) 

xe[-e,L+e] 3 

< [ |V^(x)| 2 + const, r 2 / X (x)|0(x)| 2 

Jxe[o,i] 3 J 

The generalization of this isometry to higher dimensions is straightfor- 
ward. Suppose \I/(xi,--- ,xjv) is a function with period L. Then for any 
u G M 3 , the map 

N 

:=*(xi,-- - , Xjv )JjMxi + «) (12-4) 

i=i 

is an isometry from L 2 eriodic ([0, Lf N ) to L 2 iricUet ([-£ - u, L + £ - u] 3N ) . 
Clearly, T u has the property (I12.3p . 
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The potential V can be extended to be periodic by denning V p (x — y) = 
V([x — y]p) where [x — y]p is the difference of x and y as elements on the 
torus [0, L\. Since V is nonnegative and has fast decay in the position space, 
we have V(x — y)< V p (x — y). From the definition of T u , we conclude that 



f |^"W|V(x 1 -x 2 )TTdx i < / |vi/|V p (x 1 -x 2 )TTdx, 

Therefore, the energy of two boundary conditions are related by 

N 

(H N ) F u m < (H N ) q , + const. r 2 ^(x(xi + u))y (12.5) 

i=i 

Averaging over u G [0, L] 3 , we have 

/ (H N ) Fum du< L 3 (H N ) i5 , + const. r x L 2 N (12.6) 
J[0,L]* 

So for any ^ there exists an u such that 

(H N ) F u m < {H N ) 9 + const. N{— ) (12.7) 
If we choose t and L as 

£= Q -^, L= g-^/2\ (12.8) 



the error term is negligible to the accuracy we need in proving Lemma 127 
This concludes the proof of Lemma 12.21 
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